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Abstract—The present work carries out a comparative study
among various annular fin profiles, namely uniform thickness,
variable thickness and step change in thickness. The design of
a fin, under one-dimensional heat transfer with constant base
temperature and variable thermal conductivity, is formulated as a
multi-objective optimization problem for maximizing heat trans-
fer rate and minimizing fin volume as the primary objectives.
For further assessment of the fin performances, its efficiency
is considered as another objective to be maximized. Evaluating
the heat transfer rate by the hybrid spline difference method, a
multi-objective genetic algorithm, namely NSGA-II, is employed
to arrive at a Pareto front containing a set of trade-off solutions
in terms of various combination of the three objective functions.
Finally, the Pareto fronts obtained for the considered three fin
profiles are compared in order to facilitate a designer to choose
a compromise solution for practical use.

I. INTRODUCTION

Performance of a heat exchanger having cylindrical primary
surface can be enhanced by using annular fins. An annular
fin increases the heat transfer rate as a result of enhanced
convective and radiative heat transfer areas. However, the
material and fabrication costs associated with a fin increases
the overall production cost, thus requiring optimum design of
fins to identify the effective configurations that would dissipate
maximum amount of heat but use minimum amount of fin
material. The simplest design is the conventional uniform
thickness fin. Such a fin suffers from the disadvantage that the
material near its tip is not fully engaged in heat dissipation,
which raises the issues of optimum fin profile of variable
thickness (shape optimization) and fin with step change in
thickness (size optimization) [1]. Though the practical ap-
plication of fin profiles of variable thickness is limited due
to the complex fabrication processes involved with them; a
fin with step change in thickness, which is a modification of
the uniform thickness annular fin, not only involves a simple
fabrication process, but also dissipates heat making effective
utilization of the fin material to certain extend.
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The rate of heat transfer from a fin and the fin volume
are conflicting in nature, causing an optimized solution with
respect to one of them unacceptable in terms of the other. A
reasonable approach, thus, would be to tackle the fin design
as a multi-objective optimization problem for arriving at a
set of trade-off solutions. However, to the best knowledge
of the authors, no work comparing performances of different
optimized annular fin profiles under multi-objective optimiza-
tion has been reported in the specialized literature. Hence, the
present work is taken up to fill up such a gap in literature.

The present work puts forward a complete methodology for
multi-objective optimization of various profiles of an annular
fin. The fin is optimized with respect to some fin performance
related objective functions, in particular the heat transfer
rate and fin efficiency are maximized and the fin volume is
minimized by tuning the selected design variables. Evaluating
the objective values sequentially with the application of the
hybrid spline difference method (HSDM) [2], they are opti-
mized simultaneously by employing the nondominated sorting
genetic algorithm II (NSGA-II) [3]. The main purpose of this
study is to present a comparative analysis of the trade-off
optimal scenarios of various fin profiles in terms of some
conflicting objective functions, so as to facilitate a designer to
arrive at a suitable fin profile and a corresponding compromise
solution depending upon the availability and practicability of
information and resources.

II. LITERATURE REVIEW

Kraus et al. [4] presented a comprehensive study on heat
transfer through fins. The optimum dimensions of constant
thickness radial fins were evaluated by Brown [5] using Bessel
functions. Ullmann and Kalman [6] extended the work of
Brown [5] by determining the efficiency along with the opti-
mized dimensions for fins of rectangular, triangular, parabolic
and hyperbolic profiles under constant heat transfer coefficient,
where the parabolic profile was found outperforming others.
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An analytical approach for maximizing the heat transfer rate in
fins of constant volume rectangular profile with thermally non-
symmetric convective boundary conditions was proposed by
Arslanturk [7] considering constant thermal conductivity of the
fin material. Another analytical method based on differential
transformation was put forward by Yu and Chen [8] for
thermal analysis and constant volume optimization of a rect-
angular profile fin considering variable thermal conductivity
and convective heat transfer coefficient. Using the incremental
differential quadrature method, Malekzadeh and Rahideh [9]
analyzed two-dimensional nonlinear transient heat transfer
characteristics of variable section annular fins. Optimization of
annular fins with specified geometries can be found in many
other works, e.g., in [1], [10]–[15].

Kundu [16] analyzed the performance of a stepped annular
fin under fully and partially wet surface conditions, where it
was observed that the heat transfer rate per unit volume in a
stepped annular fin is more than that in a concentric annular
disc fin. The same findings were reported in [17], [18] also.

III. PROBLEM STATEMENT AND FORMULATION

The problem in the present study is an annular fin of
various profiles (namely uniform thickness, variable thickness,
and step change in thickness) attached to a heat exchanger
of cylindrical primary surface. The thickness of the fin is
considered to be much smaller than its radius enabling to study
it with one-dimensional heat transfer in the radial direction.
The heat dissipation from the fin surface takes place through
natural convection to the ambient and radiation to the sur-
rounding. Steady-state heat transfer with a constant convective
heat transfer coefficient and negligible internal heat generation
are other assumptions made in this study. Fig. 1 shows the
schematic diagram of annular fins of various profiles, where r

is the radial distance with rb and ro respectively as its radial
values at the inner and outer surfaces of each fin, while r1 is
its radial value at the point of step change in the case of the
fin with step change in thickness. Similarly, t represents the
cross-sectional half-thickness with tb as its value at the base of
the uniform and variable thickness fins. For variable thickness
fin, to is the cross-sectional half-thickness at the tip of the fin
while t1 and t2 respectively as its values at the base and tip
of the fin with step change in thickness.

A. Formulation of the heat transfer model
As thermal conductivity k varies linearly with temperature

Ti in most of the fin materials, they can be related as in
Eq. (1) [2].

k = ka {1 + β (Ti − T∞)} (1)

In Eq. (1), T∞ is ambient temperature, ka is the value of
k at T∞, and β is a parameter that controls the variation in
k. Further, Ti = T in uniform and variable thickness fins,
while i in Ti indicates the steps in the fin with step change
in thickness (i = 1 in the first step and i = 2 in the second
step).

Considering a constant temperature Tb at the base of the
fin and heat dissipation to the surrounding from the tip of the

fin by both convection and radiation, one-dimensional steady-
state energy balance governing equations for the studied fin
profiles can be obtained based on Eq. (1) as follows:
1) Uniform and variable thickness fins: The main govern-

ing equation and boundary conditions for the uniform and
variable thickness fins are derived from the basic energy
balance equation, and these are expressed by Eqs. (2) and
(3), respectively.

d

dr

[
r {1 + β (T − T∞)}

dT

dr

]

+

[
r {1 + β (T − T∞)}

dT

dr

]
t′

t

−
hr

kat

{
T − T∞ +

σε
(
T 4 − T 4

∞
)

h

}(
1 + t′

2
) 1

2

= 0 (2)

T =Tb ; at r = rb (3a)

−ka {1 + β (T − T∞)}
dT

dr
=h (T − T∞)

+ σε
(
T 4 − T 4

∞
)

; at r = ro

(3b)

In Eqs. (2) and (3), ε is the emissivity of the fin material,
h is the convective heat transfer coefficient on fin surface, σ

is the Boltzmann constant (σ = 5.67 × 10−8 W/m2K4), and
t′ = 0 for uniform thickness fin.

rb

ro

2t

2tb

r

(a) Uniform cross-section.

2to

2t

r

rb

ro

2tb

(b) Variable cross-section.

rb
r1

ro

2t2
2t1

r

(c) Two-stepped rectangular cross-
section.

Fig. 1. Schematic diagram of annular fins of different profiles.
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For normalizing Eqs. (2) and (3), the temperature distribu-
tion and fin dimensions as shown in Figs. 1(a) and 1(b) are
normalized by defining some dimensionless parameters, which
are given by Eq. (4).

X = r
rb

Xo = ro

rb

ζ = tb

rb

δd = βT∞ γc = t
tb

Bi = hrb

ka

ω = T
T∞

ωb = Tb

T∞

δc = βT∞

(1−βT∞)

γ =
hr2

b

tbka(1−βT∞) nc =
r2

b
σT 3

∞
ε

tbka(1−βT∞) mc =
rbσT 3

∞
ε

ka

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
(4)

In Eq. (4), X and ω are dimensionless radial coordinate and
temperature, respectively.

Using the parameters defined in Eq. (4), Eqs. (2) and (3)
are normalized as given by Eqs. (5) and (6), respectively.

γc

{
(1 + δcω)

d2ω

dX2
+ (1 + δcω)

1

X

dω

dX
+ δc

(
dω

dX

)2
}

+γc
′(1 + δcω)

dω

dX

−
{
γ(ω − 1) + nc

(
ω4 − 1

)}(
1 + γc

′2ζ2
) 1

2

= 0

(5)

ω = ωb ; at X = 1 (6a)

(1 − δd + δdω)
dω

dX

+Bi(ω − 1) + mc

(
ω4 − 1

)
= 0 ; at X = Xo (6b)

In Eq. (5), γc
′ = 0 for uniform thickness fin.

2) Fin with step change in thickness: In a similar way as
in the case of uniform and variable thickness fins, the main
governing equation and boundary conditions for the step fin
are derived as expressed by Eq. (7).

d
dr

[
r {1 + β (Ti − T∞)} dTi

dr

]
− hr

kati

{
Ti − T∞ +

σε(T 4
i
−T 4

∞)
h

}
= 0

where, rb ≤ r ≤ r1 , for i = 1
r1 ≤ r ≤ ro , for i = 2

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(7)

Since the continuity of temperature and energy balance must
exist at the interface of the two sections of the step fin, Eq. (7)
will be subjected to the boundary conditions given by Eq. (8).

T1 =Tb ; at r = rb (8a)

−ka {1 + β (T2 − T∞)}
dT2

dr
=h (T2 − T∞)

+ σε
`
T

4
2 − T

4
∞

´
; at r = ro

(8b)
T1 =T2 ; at r = r1 (8c)

−t1ka {1 + β (T1 − T∞)}
dT1

dr
=− t2ka {1 + β (T2 − T∞)}

dT2

dr
+ hs (t1 − t2)×(

T1 − T∞ +
σε

`
T 4

1 − T 4
∞

´
hs

)
;

at r = r1 (8d)

In Eqs. (7) and (8), h is the convective heat transfer
coefficient on fin surface and hs is that on the step surface.

For normalizing Eqs. (7) and (8), the temperature distribu-
tion and fin dimensions shown in Fig. 1(c) are normalized, as
given in Eq. (9), by defining some dimensionless parameters.

θ = T1−T∞

Tb−T∞

φ = T2−T∞

Tb−T∞

δ = T∞

Tb−T∞

Rf = σε(Tb−T∞)3

h
Rfs

= σε(Tb−T∞)3

hs
α = (Tb − T∞)β

R = r
ro

R1 = rb

ro
Ro = r1

ro

ys = t2
t1

ξ = t1
rb

Bi = hrb

ka
Bis = hsrb

ka

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

(9)
In Eq. (9), θ and φ are respectively the dimensionless

temperatures in the first and second steps of the fin; R is the
dimensionless radial coordinate with R1 and Ro as its radial
values at the inner surface and step change in thickness; ys is
the thickness ratio; and Bi and Bis are the Biot numbers at
the side and step surface.

Using the parameters defined in Eq. (9), Eqs. (7) and (8)
are normalized as given by Eqs. (10) and (11), respectively.

(1 + ακ) d2κ
dR2 +

{
α dκ

dR
+ 1

R
(1 + ακ)

}
dκ
dR

−Z2κ
{
1 + Rf

(
4δ3 + 6δ2κ + 4δκ2 + κ3

)}
= 0

where, κ = θ , Z = Z0

R1
; if R1 ≤ R ≤ Ro

κ = φ , Z = Z1√
ys

; if Ro ≤ R ≤ 1

Z0 =
(

Bi
ξ

) 1
2

Z1 = Z0

R1

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(10)

θ =1 ; at R = R1 (11a)

− (1 + αφ)
dφ

dR
=

Bi

R1
φ
˘
1 + Rf

`
4δ

3 + 6δ
2
φ + 4δφ

2 + φ
3
´¯

;

at R = 1 (11b)
θ =φ ; at R = Ro (11c)

R1 (1 + αθ)
dθ

dR
=ysR1 (1 + αφ)

dφ

dR
−Bis (1− ys) θ

×
˘
1 + Rfs

`
4δ

3 + 6δ
2
θ + 4δθ

2 + θ
3´¯ ;

at R = Ro (11d)

IV. OPTIMIZATION MODELING OF ANNULAR FIN

It is stated in Section I that the performance of the studied
annular fin of various profiles will be evaluated in different
combinations of three performance functions, which are heat
transfer rate, fin volume and fin efficiency. Accordingly, the
multi-objective optimization problem is formulated here in a
general form for maximizing the heat transfer rate (f1(x)) and
fin efficiency (f3(x)) and minimizing the fin volume (f2(x)).

A. Formulation of the uniform and variable thickness fins
The profile of the variable thickness fin as shown in Fig. 1(b)

is represented by a B-spline curve, which is defined by some
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control points. Hence, m number of such control points,
Pi(xi, yi) (i = 1 to m), are taken as the design variables,
whose x values will represent the radial distances starting from
the base of the fin and associated y values will define the half-
thickness of the fin falling on the B-spline curve. On the other
hand, the profile of the uniform thickness fin, as shown in
Fig. 1(a), is defined by a single point P1 = (x, y), whose x

and y values will give respectively the outer radius and half-
thickness of the fin. Accordingly, the optimization problem
for both the profiles can be formulated jointly as given by
Eq. (12).

Determine x ≡ {Pi|Pi ; i = 1 to m}
to maximize z(x) ≡ {f1(x), f3(x)}
minimize f(x) ≡ {f2(x)}
subject to g1(x) ≡ x1 < x2 ≤ · · · ≤ xm

g2(x) ≡ y1 ≥ y2 ≥ · · · ≥ ym

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(12)

In the case of the variable thickness fin, Pi = (xi, yi)
in Eq. (12) is the ith control point of the B-spline curve
representing the fin profile and m is the total number of control
points. According to the notations used in Fig. 1(b), x1 = rb,
y1 = tb, xm = ro and ym = to. Constraints g1(x) and g2(x)
in Eq. (12) ensure that the control points are distributed along
the radially outward direction of the fin with non-increasing
values in the direction of the fin thickness, so as to avoid any
unpleasant fin profile. Further, ym > 0 can be set in order to
represent a practical scenario by avoiding a sharp outer edge
of the fin.

In Eq. (12), m = 1 for uniform thickness fin, indicating a
single design point as stated above. Further, constraints g1(x)
and g2(x) are not applicable in this case.

B. Formulation of the fin with step change in thickness
The geometry of the step fin, as shown in Fig. 1(c), is

defined in terms of four parameters, which are radius of the
fin at the point of step change in thickness (r1), outer radius
of the fin (ro), cross-sectional half thickness of the thick (first)
step of the fin (t1), and cross-sectional half thickness of the
thin (second) step of the fin (t2). Taking these four parameters
as the variables, the design of the step fin can be formulated as
a multi-objective optimization problem as given by Eq. (13).

Determine x ≡ (r1, ro, t1, t2)
T

to maximize z(x) ≡ {f1(x), f3(x)}
minimize f(x) ≡ {f2(x)}
subject to g1(x) ≡ r1 > rb

g2(x) ≡ ro > r1

g3(x) ≡ t1 > t2
r1, ro, t1, t2 ≥ 0 .

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

(13)

In Eq. (13), the existence of two steps in the fin is ensured by
constraints g1(x) and g2(x), while two different cross-sectional
thicknesses of the two steps are ensured by constraint g3(x).
The last line in Eq. (13) makes the design variables non-
negative.

C. Formulation of objective functions
The three objective functions, f1(x)–f3(x) expressed in

Eqs. (12) and (13), are the heat transfer rate, fin volume,
and fin efficiency, respectively. The maximization of f1(x)
and f3(x) enhances the overall thermal performance of the
fin, while the minimization of f2(x) reduces the fin material
cost. In terms of the notations and formulations of the thermal
modeling of the fin as presented in Section III, these can be
given by Eq. (14).

f1(x) = −kAb

dTi

dr

∣∣∣∣
r=rb

(14a)

f2(x) = V (14b)

f3(x) =
f1(x)

hAs (Tb − T∞) + σεAs (T 4
b − T 4

∞)
(14c)

where, Ab =

{
4πrbtb ; for uniform/variable thickness fins
4πrbt1 ; for step fin.

In Eq. (14a), Ab is the base area of the fin. The fin volume
V , appearing in Eq. (14b), is expressed by Eq. (15).

V =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

4
3π

∑N

n=2, 4, ... rn−1 (rn − rn−1)

× (tn−2 + 4 tn−1 + tn) ; for variable thickness

2πtb
(
ro

2 − rb
2
)

; for uniform thickness
2π

{
t1

(
r1

2 − rb
2
)

+ t2
(
ro

2 − r1
2
)}

; for step fin.
(15)

Further, the heat transfer surface area As, appearing in
Eq. (14c), is expressed by Eq. (16).

As =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

4πroto + 2π
∑N

n=1 (rn + rn−1)×{
(rn − rn−1)

2
+ (tn−1 − tn)

2
} 1

2

; for variable thickness

2π
(
ro

2 − rb
2
)

+ 4πrotb ; for uniform thickness
2π

(
ro

2 − rb
2
)

+ 4π {r1 (t1 − t2) + rot2} ; for step fin.
(16)

In Eqs. (15) and (16), n and (N+1) are respectively the grid
index of space and total number of grid points.

V. SOLUTION PROCEDURE

A widely applied multi-objective genetic algorithm, namely
the non-dominated sorting genetic algorithm II (NSGA-II)
proposed by Deb et al. [3], is employed here for solving
the fin design problem formulated by Eqs. (12) and (13) as
multi-objective optimization models (since NSGA-II is a well-
established algorithm, its detail is skipped here).

In the cycles of NSGA-II, the heat transfer rate, f1(x), is
evaluated through Eqs. (5) and (6) for uniform and variable
thickness fins, while that through Eqs. (10) and (11) for step
fin. The non-dimensional temperature distributions (ω, θ and
φ) along the length of the fins are first evaluated by solving the
sets of equations using a highly accurate numerical method,
namely the hybrid spline difference method (HSDM) presented
by Wang et al. [2], [19]–[21].

Then a temperature distribution, ν, and its derivatives, ν′

and ν′′, are discretized by applying the concept of HSDM
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as expressed by Eq. (17) [2], where Δr, N (i) + 1, n and p
represent the grid size, total number of grid points, grid index
of space, and spline parameter, respectively.

νn =
p
(i)
n−1 + 10p

(i)
n + p

(i)
n+1

12
(17a)

ν
′

n =
p
(i)
n+1 − p

(i)
n−1

2Δr
−Δν

′

n (17b)

ν
′′

n =
p
(i)
n−1 − 2p

(i)
n + p

(i)
n+1

Δr2
(17c)

where, Δν
′

n =

8>>>><
>>>>:

(−3ν′′

n
+4ν′′

n+1−ν′′

n+2)Δr

24
; n = 0

(ν′′

n+1−ν′′

n−1)Δr

24
; n = 1 to N (i) − 1

(3ν′′

n
−4ν′′

n−1+ν′′

n−2)Δr

24
; n = N (i)

(17d)

In Eq. (17), i ∈ {1, 2} for step fin, while p(i) = p and
N (i) = N for variable and uniform thickness fins. Further,
ν = ω for uniform and variable thickness fins as formulated
in Eq. (12), while ν = κ for step fin as formulated in Eq. (13).

Using Eq. (17), the two sets of equations, i.e., Eqs. (5) and
(6), and Eqs. (10) and (11), are solved for p

(i)
n using the variant

of the Thomas algorithm proposed by Martin and Boyd [22].
After evaluating the p

(i)
n values, the dimensionless temperature

distributions ω, θ and φ along with their derivatives up to the
second order at all the grid points are evaluated from Eq. (17).
Finally, the temperature gradient at the base of the fin, i.e.,
dTi

dr

∣∣
r=rb

, is obtained from the non-dimensional temperature
gradient at that point, which is then used in Eq. (14a) to
evaluate f1(x).

VI. NUMERICAL EXPERIMENTATION AND DISCUSSION

In the present study, the annular fins of various profiles,
namely uniform thickness, variable thickness and step change
in thickness, are analyzed in a convective and radiative envi-
ronment with a constant temperature at the base of the fin
and variable thermal conductivity for the fin material. The
proposed procedure is coded in C programming language, and
all the test cases are executed in the Ubuntu 12.04.5 LTS Linux
environment in a 32-bit HP Desktop.

The considered operating conditions and thermal properties
of the fin material along with fin geometry with reference to
Fig. 1 are listed in Table I, while the user defined algorithmic
parameter settings for NSGA-II are fixed based on some trial
runs as given in Table II. Since cubic curves with open uniform
knot vector and of order 4 are sufficient in most of the
engineering analysis, the same is considered for the B-Spline
curve representing the profile of the variable thickness fin.
Further, since the number of control points of a B-spline curve
must be more than the chosen polynomial degree by at least
two units in order to have a local control on the curve [23],
five control points are considered here to define the B-spline
curve.

With the above sets of input values and randomly generated
NSGA-II population, the fin design problem formulated in

TABLE I
OPERATING CONDITIONS, MATERIAL PROPERTIES, AND FIN GEOMETRY.

Parameter Value/
Range of value

Ambient temperature, T∞ 300 K
Temperature of the fin at the base, Tb 600 K
Convective heat transfer coefficient on fin surface, h 50 W/m2K
Convective heat transfer coefficient on step surface, hs 50 W/m2K
Thermal conductivity of the fin material at T∞, ka 186 W/mK
Parameter for variable thermal conductivity, β -0.00018 K−1

Emissivity of the fin material, ε 0.8
Base radius, rb 2.0 cm
Outer radius, ro 2.5–6.0 cm
Fin half-thickness, t (for uniform/variable thickness fin) 0.01–0.2 cm
Radius of step change in thickness, r1 (for step fin) 2.5–6.0 cm
Half thickness of the first step, t1 (for step fin) 0.01–0.2 cm
Half thickness of the second step, t2 (for step fin) 0.01–0.2 cm

TABLE II
USER-DEFINED PARAMETER SETTING IN THE CONTEXT OF NSGA-II.

Parameter Value/
Range of value

Population size 100
Number of generations 400
Crossover probability 90%
Distribution index for the crossover operator of NSGA-II 10
Mutation probability 0–1%
Distribution index for the mutation operator of NSGA-II 100

Eqs. (12) and (13) is studied with various combinations of
the three objective functions, f1–f3, given by Eq. (14).

The Pareto fronts for the three fin profiles obtained by
maximizing the heat transfer rate (f1) and minimizing fin
volume (f3) are shown in Fig. 2, where the conflicting nature
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Fig. 2. Pareto fronts in terms of f1 and f2.

of the heat transfer rate and fin volume is clearly visible, i.e.,
one objective cannot be improved without degrading the other
at least by some amount. It is also seen in Fig. 2 that the
variable thickness fin has the best performance among the
three profiles, followed by that of the step fin. In fact, near the
end of the Pareto fronts where both the heat transfer rate and
fin volume reach their maximum values, the performance of
the step fin is slightly better than that of the variable thickness
fin. Nine selective efficient fin geometries (three solutions from
each fin profile), corresponding to solutions A–I of Fig. 2, are
shown in Fig. 3, where the patterns of significant geometric
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Fig. 3. Nine efficient fin geometries corresponding to solutions A–I of
Fig. 2 (a larger scale in thickness direction is used to make the variation
in thickness prominent).

variations are clearly noticeable. For these configurations, the
values of the third objective (f3) are also computed and shown
in Fig. 3.

For further assessment, the problem is studied in the second
step for simultaneously maximizing the heat transfer rate (f1)
and fin efficiency (f3). The obtained Pareto fronts are shown
in Fig. 4, which reveal the conflicting nature between the heat
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Fig. 4. Pareto fronts in terms of f1 and f3.

transfer rate and fin efficiency also. It is also seen in Fig. 4
that the variable thickness fin has the lowest efficiency among
the three fin profiles. The Pareto fronts of the other two fins
overlap with each other, indicating almost the same efficiency
in both the cases. This is due to the fact that both the optimized
step fin and uniform thickness fin takes almost similar shapes.

VII. CONCLUSION

A comparative analysis of multi-objective optimization of
various profiles of annular fins under one-dimensional heat
transfer in convective and radiative environments is presented.
Fin performance related three parameters are taken as objective
function of the problem, which are maximization of the heat
transfer rate and fin efficiency and minimization of fin volume.
Evaluating by the hybrid spline difference method (HSDM),
the objective functions are optimized using the nondominated

sorting genetic algorithm (NSGA-II). In the numerical exper-
imentation, it is observed that the variable thickness fin has
a lower efficiency but a higher heat dissipation rate per unit
volume, followed by those of the step fin.
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Abstract—The bi-level problem is an embedded decentralized
optimization process at two levels arisen in hierarchy-based
organizations. The activities of the lower-level are governed by
the upper-level, while the performance of the latter is dependent
upon that of the former. Though consists of two decentralized
levels, their embedding nature makes the solution procedure of
the bi-level problem complicated. In the present work, a multi-
objective differential evolution algorithm is employed to solve
this problem as a plain multi-objective optimization problem by
combining its two levels. The proposed procedure is found very
potential in identifying promising trade-off optimal solutions for
a number of benchmark problems.

I. INTRODUCTION

The bi-level problem was introduced in the field of game

theory by Stackelberg in the year 1934, in which two players

of a game compete with each other in such a way that the

leader optimizes its objectives by anticipating the optimal

reactions of the follower against the initiative movements

of the leader. That is, the bi-level problem is a sequential

hierarchical optimization process, which involves two decision

makers that have different objective functions, variables and

constraints. In other words, the bi-level problem consists of

two optimization problems, one embedded (nested) within

another as a hierarchical structure. The outer optimization

problem is commonly referred to as the upper or top level (or

leader) problem, and the inner one as the lower or bottom

level (or follower) problem. The variables associated with the

upper-level problem are known as the upper-level variables

and those associated with the lower-level problem are known

as the lower-level variables. The constraints are also referred

in similar ways according to their association with the upper-

level and lower level problems.
The bi-level problem has applications in various real-

world domains, including agriculture [1], environmental eco-

nomics [2], decision-making [3], portfolio management [4],

government policy making [5], transportation [6], [7], and

engineering [8], [9], [10], [11], [12], among others.
The bi-level problem is usually studied under certain cate-

gories, such as linear bi-level problem [13], nonlinear bi-level

problem and multi-objective bi-level problem. The bi-level

978-1-5090-5674-3/17/$31.00 c©2017 IEEE

problem is linear if all the objective functions and constraints

of both the levels are linear, while the problem is nonlinear if

any of them is nonlinear. On the other hand, the problem is

called multi-objective if more than one objective function are

to be optimized at any level.

II. THE BI-LEVEL PROBLEM FORMULATION

Since the bi-level problem consists of two optimization

problems one embedded (nested) within another as a hier-

archical structure, it in a general form can be formulated

mathematically as expressed by Eq. (1).

Minimize
x∈X ,y∈Y

F
(u)
r (x,y) ; r = 1 to Q(u)

subject to G
(u)
i (x,y) 6 0 ; i = 1 to M (u)

y ∈ arg min
z∈Y

{

F
(l)
s (x, z) : G

(l)
j (x, z) 6 0

}

;

s = 1 to Q(l) ; j = 1 to M (l)

X ⊆ Rnx

Y ⊆ Rny











































(1)

In Eq. (1), F and G represent respectively the sets of ob-

jective functions to be minimized (optimized) and inequality

constraints to be satisfied, while Q and M are the sizes of these

two sets with the superscripts (u) and (l) denoting respectively

the upper-level and lower-level problems. On the other hand,

x and y represent respectively the upper-level and lower-level

decision vectors.

In principle, the bi-level problem formulated in Eq. (1) is to

be solved sequentially in an interactive mode as follows: the

lower-level problem is first optimized for its variable vector

y against an initial guess to the upper-level variable vector

x, which in turn is improved by optimizing the upper-level

problem with the obtained y. Then the optimization of the

lower-level problem is repeated for its new variable vector y

against the updated x, followed by optimization of the upper-

level problem again for further improvement of x. In this way,

the process is continued until it converges. Although sounds

simple and interesting, the implementation of the process is not

so easy, particularly when a level involves multiple objectives
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leading not to a single x or y but to a set. If the problem is

tackled in its original form, classical optimization techniques

often require some simplifications, like linearity, convexity, or

single-objective transformation. Hence, it becomes essential to

develop some alternative approaches.

Aiyoshi and Shimuzu [14] tackled the single-objective bi-

level problem (i.e., in Eq. (1), Q(u) = Q(l) = 1) with a

well-known penalty function method by transforming the bi-

level problem into a one-level single-objective optimization

problem, in which it was claimed that a sequence of so-

lutions to the transformed problem would converge to the

solution of the original bi-level problem. In the domain of

evolutionary algorithms, some researchers converted the bi-

level problem into a single level problem using the Karush-

Kuhn-Tucker (KKT) conditions [15], [16]. Sinha et al. [17]

have recently introduced a hybridized bi-level evolutionary

algorithm based on quadratic approximations of optimal lower

level variables with respect to the upper level variables.

In the multi-objective bi-level problem as in Eq. (1), the

rational response of the follower against a decision of the

leader is deterministic if the lower-level problem is single-

objective, i.e., Q(l) = 1 in Eq. (1). In the case of a multi-

objective lower-level problem, however, there is no single

solution to the follower to respond, but a set of trade-off

solutions (i.e., no solution is better than any other solution

in terms of all the objective values), which makes it difficult

to device a procedure for providing effective solutions at

the upper-level [18]. For such cases, Shi and Xia [19], [20]

proposed an interactive algorithm that transforms the original

bi-level problem into a separate multi-objective problem at

each level with a satisfactory concept to model the preferences

of the upper-level decision maker. Zhang et al. [21] presented a

branch-and-bound algorithm for solving linear bi-level prob-

lems with the provision for handling multiple objectives at

any level through some fuzzy parameters. Deb and Sinha [22]

suggested a co-evolutionary algorithm with two interacting

populations for pursuing both the upper-level and lower-level

problems simultaneously through iterations, instead of a serial

optimization of the lower-level problem against every solution

of the upper-level problem.

III. THE PROPOSED PLAIN MULTI-OBJECTIVE PROBLEM

FORMULATION

Aiyoshi and Shimuzu [14] transformed the single-objective

bi-level problem into a one-level single-objective optimization

problem with a claim that the solution of the transformed

problem would be same with the solution of the original

bi-level problem. In a similar line, the bi-level problem in

the present work is transformed into a one-level problem.

However, unlike forming a single weighted objective function

by combining those of the upper and lower levels as in Aiyoshi

and Shimuzu [14], the objective functions of the two levels are

considered here to be optimized simultaneously as a multi-

objective problem. Accordingly, the original bi-level problem

given by Eq. (1) is transformed into a plain multi-objective

optimization problem as expressed by Eq. (2).

Minimize fq(x,y, z) ; x ∈ X;y, z ∈ Y

subject to gk(x,y, z) 6 0

where q = 1 to Q(u) +Q(l)

k = 1 to M (u) +M (l)

X ⊆ Rnx

Y ⊆ Rny







































(2)

In Eq. (2), fq (q = 1 to Q(u) + Q(l)) is a set comprising

F
(u)
r (r = 1 to Q(u)) and F

(l)
s (s = 1 to Q(l)) as given in

Eq. (1). Similarly, gk (k = 1 to M (u) +M (l)) is another set

comprising G
(u)
i (i = 1 to M (u)) and Q

(l)
j (j = 1 to M (l))

as given in Eq. (1).

IV. NUMERICAL EXPERIMENTATION AND DISCUSSION

For evaluating the proposed multi-objective transportation

of the bi-level problem, three test problems of different nature

are considered, details of which are given in Table I. Test

problem 1 is a simple case of one leader and one follower,

each involving a single objective function to be minimized.

Further, the leader is subject to one constraint and the follower

is subject to two constraints. Test problem 2 also has one leader

and one follower, but each having two objective functions to be

maximized simultaneously, where the leader is subject to one

constraint and the follower only needs a non-negative variable.

In comparison to Test problems 1 and 2, Test problem 3 is

complicated. It involves one leader and three followers with

each having one objective function to be minimized, in which

information exchange takes place among the followers also.

Moreover, the variables of the leader and followers 2 and 3 are

to be positive without any fixed lower boundary. Additionally,

follower 3 is subject to an equality constraint, which is difficult

to handle by any numerical optimization technique.

A multi-objective version of the differential evolution (DE)

algorithm, presented by Datta and Figueira [25], is chosen for

solving the multi-objective optimization problem formulated

in Eq. (2). In case of each of the above three test problems, a

DE population (i.e., a set of solutions) of size 60 is evolved

for 500 iterations with DE perturbance factor of 0.7 and

crossover probability of 90%. Analyzing the constraints of

the test problems, their variable limits are fixed as follows:

0 6 x1, x2 6 50 and −10 6 y1, y2 6 20 for Test Problem 1,

0 6 x1, x2 6 4 for Test problem 2, and 0.001 6 x1 6 10,

0.001 6 x2 6 5, 1 6 y11 6 9, 2 6 y12 6 3, 0.001 6 y21 6 9,

0.001 6 y22 6 3, 0.001 6 y31 6 2.5 and 0.001 6 y32 6

1.7 for Test problem 3. Further, the equality constraint of

Test problem 3 is converted into an inequality constraint as
∣

∣

2y31+3y32

5 − 1
∣

∣ 6 0.001.

The final 2-objective Pareto front obtained for Test prob-

lem 1 is shown in Fig. 1 along with its best known solution

as given in Table I, where it is seen that the best known

solution is nothing but the extreme point of the Pareto front

corresponding to the overall maximum of F (u) and minimum

of F (l) as expressed in Table I. However, an extreme solution
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TABLE I
DETAIL OF THE STUDIED TEST PROBLEMS.

SN Test problem Best known solution Reference

1 Minimize
(x)

F (u)(x,y) ≡ 2x1 + 2x2 − 3y1 − 3y2 − 60

Subject to y ∈ arg min
(y)



















F (l)(x,y) ≡ (y1 − x1 + 20)2 + (y2 − x2 + 20)2

x1 − 2y1 > 10

x2 − 2y2 > 10

−10 6 y1, y2 6 20



















x1 + x2 + y1 − 2y2 6 40

0 6 x1, x2 6 50

(x∗

1, x
∗

2) = (25, 30)
(y∗1 , y

∗

2) = (5, 10)
F (u)∗ = 5
F (l)∗ = 0

Aiyoshi and Shimuzu [14]

2
Maximize

(x1)

{

F
(u)
1 (x1, x2) ≡ x2

1 + x2
2

F
(u)
2 (x1, x2) ≡ (x1 − 1)2 + x2

2

}

Subject to x2 ∈ arg max
(x2)

{

F
(l)
1 (x1, x2) ≡ (x1 − 3)2 − 4x2

F
(l)
2 (x1, x2) ≡ 2x1 + (x2 + 4)2

}

x1 + x2 6 4

x1, x2 > 0

x∗

1 = 0
x∗

2 = 4
(

F
(u)∗
1 , F

(u)∗
2

)

= (16, 17)
(

F
(l)∗
1 , F

(l)∗
2

)

= (−7, 64)

Baky and Abo-Sinna [23]

3 Minimize
(x)

F (u)(x,y1,y2,y3) ≡
3(y11+y12)

2+5(y21+y22)
2+10(y31+y32)

2

2x2

1
+x

2

2
+3x1x2

Subject to x1 + 2x2 6 10

x1, x2 > 0

y1 ∈ arg min
(y1)































F
(l)
1 (y1) ≡ y211 + y212

y11 + y21 + y31 > x1

y12 + y22 + y32 > x2

y11 > 1

y12 > 2































y2 ∈ arg min
(y2)

{

F
(l)
2 (y2) ≡ y21 + y22 + y11

y21
+ y12

y22

y21, y22 > 0

}

y3 ∈ arg min
(y3)















F
(l)
3 (y3) ≡

(y31−y21)
2

y31
+

(y32−y22)
2

y32

2y31 + 3y32 = 5

y31, y32 > 0















(x∗

1, x
∗

2) = (5.768, 2.116)
(y∗11, y

∗

12) = (2.885, 2.0)
(y∗21, y

∗

22) = (1.699, 1.414)
(y∗31, y

∗

32) = (1.183, 0.878)
F (u)∗ = 1.510
F

(l)∗
1 = 12.323

F
(l)∗
2 = 6.225

F
(l)∗
3 = 0.835

Liu [24]
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Fig. 1. Pareto front for Test problem 1 given in Table I.

always may not be preferred in real life, but a compromise one

due to many reasons, such as the management (the leader) of

a manufacturing company may prefer to cut the profit to some

extent by improving its product quality (the follower) in order

to survive in the competitive market. In that case, it seems that

the multi-objective transformation of the bi-level problem as

proposed in the present work would be a good choice, whose

Pareto front will provide multiple trade-off solutions to select

an appropriate compromise solution for implementation.

Since there is no mechanism to visualize the 4-objective

Pareto front of Test problem 2, only numerical values of some

of its points are shown in Table II. It is seen here that the

TABLE II
NUMERICAL VALUES OF THE PARETO FRONT FOR TEST PROBLEM 2 GIVEN

IN TABLE I.

Solution x1 x2 F
(u)
1 F

(u)
2 F

(l)
1 F

(l)
2

1 0.000 4.000 16.000 17.000 -7.000 64.000
2 0.000 3.970 15.761 16.761 -6.880 63.522
3 0.000 3.873 15.001 16.001 -6.493 61.987
4 0.004 3.790 14.363 15.356 -6.181 60.689
5 0.000 3.735 13.953 14.953 -5.941 59.835

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
52 0.002 0.482 0.232 1.227 7.060 20.089
53 0.000 0.399 0.159 1.159 7.406 19.347
54 0.000 0.222 0.049 1.049 8.112 17.825
55 0.000 0.127 0.016 1.016 8.492 17.033
56 0.000 0.000 0.000 1.000 9.000 16.000
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best known solution of Test problem 2 is also nothing but

an extreme point (i.e., solution number 1) of its Pareto front

corresponding to the overall maximum of F
(u)
1 , F

(u)
2 and

F
(l)
2 and minimum of F

(l)
1 as expressed in Table I. Hence,

the same conclusion as in Test problem 2 can be drawn

that the multi-objective transformation of the bi-level problem

has merits in terms of providing a set of trade-off solutions

as multiple alternatives to choose a suitable compromise

solution for implementation. Further, since both the leader and

follower of Test problem 2 have two objective functions to be

optimized simultaneously, there should be a 2-objective Pareto

front for each of them. Since the proposed multi-objective

transformation will not give such separate Pareto fronts but a

combined one, the objective values of the leader and follower

are extracted from the combined Pareto front whose truncated

numerical values are shown in Table II. Then F
(u)
1 versus F

(u)
2

and F
(l)
1 versus F

(l)
2 are plotted as shown in Fig. 2, where it

F
(u)

1
F

(l)
1
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F
(u

)
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Fig. 2. Plots of the leader and follower objective values for Test problem 2
given in Table I.

is observed that F
(u)
1 and F

(u)
2 are correlated, i.e., both are

improved or degraded simultaneously. On the other hand, F
(l)
1

and F
(l)
2 conflict with each other, i.e., one cannot be improved

without degrading the other one by some amount and vice

versa. In order to confirm these observations, each of the two

sets of objective functions is also optimized separately as a

two-objective problem (plots are not shown here), in which it

is found that the optimized F
(u)
1 and F

(u)
2 converge at point

A shown in Fig. 2, while F
(l)
1 and F

(l)
2 form a Pareto front

that overlaps with CD of Fig. 2. Therefore, it is clear in Fig. 2

that the optimized F
(u)
1 and F

(u)
2 converge at different values

along AB corresponding to the trade-off values of F
(l)
1 and

F
(l)
2 along their Pareto front CD. That is, points A and C of

Fig. 2 together form a solution of Test problem 2, points B

and D form another solution, and so on in the cases of the

intermediate points of AB and CD.

As in the case of Test problem 2, due to the non-availability

of any technique to visualize the 4-objective Pareto front of

Test problem 3, only numerical values of some of its points are

shown in Table III, where it is observed that the best known

solution of the problem is dominated by at least one solution

of its Pareto front, specifically solution number 42 as shown

in the table.

V. CONCLUSION

Owing the complicacy of solving the bi-level problem,

particularly when it involves multiple objective functions at

any level, the problem is transformed here as a plain multi-

objective optimization problem by combining its both the

levels into a single one. The solution of the transformed

problem will be a Pareto front containing a set of trade-off

solutions in terms of all the objective functions of the original

bi-level problem, even in the case of a single-objective bi-

level problem. Employing a multi-objective differential evo-

lution (DE) algorithm to the transformed problem, Pareto

fronts containing sets of promising trade-off solutions could

be obtained for three test problems of different nature in terms

of numbers of followers and objective functions.
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Abstract—The multi-floor facility layout problem (MFLP)
involves the optimal arrangement of given facilities in multiple
floors. Considering that the facilities are to be arranged in
multiple floors starting from the left origin of each floor, the
MFLP is formulated here as a multi-objective optimization
problem for simultaneously minimizing the number of floors and
the overall material handling cost. The overall material handling
cost involves the individual material handling cost among the
facilities arranged in the same floor as well as in different floors.
The horizontal and vertical material handling costs between two
given facilities are considered to be different as the vertical flow
of materials requires the install of elevators also. Solving the
present formulation of the MFLP by customizing a permutation-
based genetic algorithm, results of a number of test instances of
varying sizes are provided as benchmark.

I. INTRODUCTION

The facility layout problem (FLP) usually seeks an optimal
arrangement of facilities by minimizing the material handling
cost among them. The FLP has applications in the manufac-
turing and service industries. It deals with the arrangement
of various machines in a manufacturing line, as well as
the arrangement of various departments in service sectors
such as office, hospital, etc. The single row facility layout
problem (SRFLP) has been studied extensively, where the
facilities are arranged along a single row. However, expensive
and limited land supply specially in urban areas, as well as the
requirement for reducing material handling cost, makes it es-
sential to arrange given facilities even in multiple floors, which
is known as the multi-floor facility layout problem (MFLP).

Initially some heuristic techniques were applied to solve the
MFLP [1], [2]. Due to the limitation of the heuristic techniques
in getting stuck at local optimum, various meta-heuristics are
being investigated. Meller et al. [3] proposed a simulated
annealing based approach, named as SABLE, to attain the
global optimum solutions. Some two-stage approaches, such
as STABLE [4] and FAF/TS [5], were also investigated, which
combine heuristic techniques with exact methods. In the first
stage of a two-stage approach, exact methods such as the
mixed integer linear programming (MIP) are used to arrange
the facilities in different floors based on their vertical flow

978-1-5090-5674-3/17/$31.00 c©2017 IEEE

cost. Then some heuristic techniques such as Tabu search are
applied in the second stage for optimizing the layout of each
floor. However, the approach faced the limitation of facility ex-
change among different floors. An alternative approach, known
as the FLEX, was proposed by Meller and Bozer [6], which
outperformed STABLE [4] both in overcoming this limitation
and in computational aspect. Another two-stage approach was
proposed by Bernardi and Anjos [7], where an MIP model was
used in the first stage and another mathematical-programming
framework in the second stage.

Based on practical scenarios, such as number, location and
utilization of elevators, the MFLP was handled by Matsuzaki
et al. [8] using simulated annealing and genetic algorithm.
Lee et al. [9] investigated a genetic algorithm to arrange the
compartments in a ship as an MFLP model. In another study,
Goetschalckx and Irohara [10] provided an MFLP formulation
for manufacturing industries to serve by elevators only at two
or three adjacent floors, and another formulation for office
buildings to serve at any floor.

In all of the above works, the MFLP was studied for
minimizing the overall material handling cost among the
facilities under the consideration of fixed number of floors,
each of equal length. No work could be found in specialized
literature studying the MFLP with flexibility to length and
number of floors.

Motivated by the above research gap in literature and
practical requirement, the MFLP is formulated here as a multi-
objective optimization problem for simultaneously minimizing
the overall material handling cost among the facilities and the
number of floors in which the given facilities can be arranged.
Further, a permutation-based genetic algorithm is customized
to handle the MFLP model. In the numerical experimentation,
a number of test instances of sizes in the range of [9,30]
are solved and the comparison with their SRFLP results is
presented.

The paper is organized as follows: the problem is described
in Section II, followed by its formulation in Section III and the
solution procedure in Section IV. Presenting the computational
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results in Section V, the article is concluded in Section VI
summarizing the present work and highlighting the future
scope on the theme.

II. PROBLEM DESCRIPTION

In the MFLP model studied in the present work, a given
set of facilities are to be placed in multiple floors so as to
simultaneously minimize the overall material handling cost
among the facilities and the number of floors in which the
facilities are to be placed. Various assumptions made in the
MFLP model are as follows:

1) The placement of the facilities is started from the left
corner of every floor.

2) Inter-floor interaction occurs through the nearest one out
of the two elevators located at the two corners of a floor.

3) There is no physical gap between two consecutive facil-
ities placed in a floor.

4) All the floors are of the same height.
5) The total height of the floors cannot be greater than the

maximum floor length. This restriction is imposed just
to create an upper bound to the total height of the floors.

III. PROBLEM FORMULATION

For formulating the MFLP model at hand, the following
notations are defined:

Indices
i, j : Indices of facilities
k, l : Indices of floors
π : Index of a permutation of given facilities

Fixed parameters
m : Number of facilities to be arranged
li : Length of the ith facility
L : Average length of m number of facilities
cij : Horizontal material handling cost between the

ith and jth facilities (i.e., when the facilities
are placed in the same floor)

c′ij : Vertical material handling cost between the
ith and jth facilities (i.e., when the facilities
are placed in different floors)

h : Height of a floor

Variables
N : Total number of floors
Lk : Length of the kth floor
dij : Horizontal distance between the ith and jth

facilities (i.e., when the facilities are placed
in the same floor)

ni : Floor in which the ith facility is placed

Objective function
f1 : Overall material handling cost among all the

given m facilities
f2 : Number of required floors.

In terms of the above notations, the proposed MFLP is
formulated as given by Eqs. (1)–(3).

Minimize fπ
1 =

m−1∑

i=1

m∑

j=i+1

[
cijd

π
ij + c′ijh|n

π
i − nπ

j |
]

(1)

Minimize fπ
2 =Nπ (2)

Subject to Nπh ≤max {Lk|Lk ; k = 1, 2, . . . , Nπ} (3)

Equations (1) and (2) represent the two objective functions
to be minimized, which are respectively the overall material
handling cost among all the facilities and the number of
floors for their placement. Equation (3) is a constraint that
creates an upper limit to the total height of all the floors.
The computations of the horizontal distance dπ

ij and vertical
distance h|nπ

i − nπ
j | between the ith and jth facilities of the

permutation π, used in Eq. (1), are explained in Section III-B.

A. Forming MFLP solution
Any permutation π of given m facilities will not directly

represent a solution of the MFLP. Therefore, a valid MFLP
solution is to be formed before evaluating it using Eqs. (1)–
(3), which is explained here.

An MFLP solution from a permutation π of given m

facilities is formed by distributing the facilities into N floors.
This is done as follows:

The average length L of each of the N floors is first
calculated using Eq. (4).

L =

m∑
i=1

li

N
(4)

Then, a floor is formed by placing the facilities of π in
it one by one until the total length of the floor becomes L.
However, since the length of a facility is a discrete one, the
following two cases may arise as illustrated in Fig. 1:

1 2 43 5

L
(a) Floor length equals its average value.

1   2

y z

3 4 5

L
(b) Floor length deviates from its average value.

Fig. 1. Forming an MFLP solution from a permutation of given facilities.

1) As shown in Fig. 1(a), the length of the kth floor will
become exactly L if facilities 1–5 are placed in it.
Hence, the kth floor is formed with facilities 1–5 and
the remaining facilities are taken to the other floor(s).
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2) As shown in Fig. 1(b), the length of the kth floor will
be shorter by y from L if facilities 1–4 are placed in
it, while it will exceed by z if facilities 1–5 are placed
in it. Hence, in order to avoid excessive deviation from
the average floor length L, the kth floor will be formed
with facilities 1–4 if y < z and with facilities 1–5 if
z < y, while it can be formed randomly either with
facilities 1–4 or facilities 1–5 if y = z.

B. Distance between two facilities
Once an MFLP solution is formed as explained in Sec-

tion III-A, the total number of floors Nπ (used in Eqs. (2)
and (3)), in which the facilities of permutation π are placed,
is obtained automatically.

The computation of the distance between two given facili-
ties, required in Eq. (1), is explained below with the help of
Fig. 2:

(nl − nk)h

����� nk

����� nlb c

a

d
(4)
ac

d
(2)
ac

dbc

d
(1)
ac d

(3)
ac |Lnl

− Lnk
|

Fig. 2. Distance between two facilities in a permutation.

1) If the two facilities are placed in the same floor, the
horizontal distance between them would simply be their
centroidal distance in the horizontal direction. This is
illustrated in Fig. 2 by dbc as the horizontal distance
between facilities b and c. Further, since the facilities
are placed in the same floor, they will have no vertical
distance, i.e., their vertical distance is zero.

2) If the two facilities are placed in two different floors,
they can be interacted through any of the two elevators
located at their two corners. However, the shortest dis-
tance is considered for reducing the material handling
cost between them. This is illustrated in Fig. 2 as the
interaction between facilities a and c placed in floor nk

and nl, respectively. Their horizontal distance through
the left elevator is (d

(1)
ac + d

(2)
ac ) and through the right

elevator is (d
(3)
ac + d

(4)
ac + |Lnl

− Lnk
|). Hence, the

minimum of (d
(1)
ac +d

(2)
ac ) and (d

(3)
ac +d

(4)
ac + |Lnl

−Lnk
|)

will be used in Eq. (1) as the horizontal distance between
facilities a and c. Further, being in different floors, their
vertical distance will be h(nl − nk).

IV. SOLUTION PROCEDURE

The proposed MFLP model is investigated by customizing
the permutation based genetic algorithm (pGA) presented

in [11], [12] for studying facility layout problem. The steps
followed in the customized GA are outlined below:

1) The GA population is formed with a set of D solutions,
where a solution is an array representing a permutation
of given m number of facilities. Each solution of the
GA population is initialized with a random population
using the technique presented in [12].

2) MFLP solutions are formed as explained in Sec-
tion III-A.

3) The objective values of the MFLP solutions are calcu-
lated using Eqs. (1) and (2).

4) Applying the crowded tournament selection operator,
a temporary GA population of size D is formed by
multiple copies of the solutions of the original GA
population based on their non-dominating ranks and
crowding distances.

5) Applying the crossover operator, used in [12], a new
GA population of size D is generated by exploiting the
temporary GA population formed in Step (4) above. In
this operator, a new solution is formed from two random
solutions taken from the temporary GA population. The
positions of the new solutions are filled up by taking
facilities from the same positions of any of the two
parent solutions. If a position cannot be filled up by
taking facilities from the parents, it is kept in reserved.
Finally, all the reserved positions are filled up by taking
the remaining facilities in a random order.

6) In the mutation, the neighborhood of each new solution
generated by the crossover is explored by interchanging
the facilities of two random positions.

7) Repeating Steps (2) and (3) for the solutions obtained
in Step (6) above, MFLP solutions are formed and
evaluated.

8) The GA population for the next iteration is formed
by the best 50% solutions from the combination of
the original and new GA populations based on the
non-dominated ranks and crowding distances of their
solutions.

9) Steps (2)–(8) are repeated until a predefined number of
GA iterations are performed.

V. COMPUTATIONAL EXPERIMENTS AND DISCUSSION

The procedure proposed in the present work is coded in C
programming language and executed in the Fedora 15 Linux
environment in a HP Desktop. The computational experiment
is performed with instances of different sizes varying in the
range of [9,30].

A. Experimental setup
For handling the above instances to evaluate the proposed

MFLP model, the range of floors, in which the facilities of an
instance can be arranged, is fixed as [1,5] for instances of sizes
up to 11 and as [1,15] for the remaining instances. The height
of a floor is taken as 3 in all the instances. Further, since the
vertical material handling costs for none of these instances are
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available in literature, it is taken as 1.5 times of the horizontal
material handling cost of each pair of facilities.

Since the pGA is a stochastic optimization tool, the so-
lutions may vary with its parameter settings. Hence, multiple
runs are performed for comparison with different sets of initial
solutions. Other parameter values, fixed based on some trial
runs, are given in Table I.

TABLE I
GA PARAMETER VALUES USED IN THE NUMERICAL COMPUTATION.

GA parameter Value
Population size 60
Crossover probability 50%
Mutation probability 10%
Number of iterations 500 (for permutation sizes ≤ 11)

10000 (for permutation sizes > 11)
Number of runs 30

B. Results
With the experimental setup stated in Section V-A, a total

of 14 instances of different sizes are considered for evaluating
the proposed MFLP model. Two instances each of size 9
with different lengths of the facilities, which were originally
introduced by Simmons [13] for evaluating a SRFLP model,
are studied first. In each of the 30 runs of the GA for both the
instances, the final Pareto front was found containing multiple
trade-off solutions placing the facilities in a maximum of 4
floors. The detail results against the minimum and maximum
number of floors, including the facilities and length of each
floor, obtained in a random run for the instances are given in
Table II. It may be noticed in Table II that both the overall

TABLE II
RESULTS OF THE MFLP INSTANCES OF 9 FACILITIES.

Instance Size Flow No. of Floor Facilities placed Floor
cost (f1) floors (f2) number in the floor length

S9 [13] 9

2469.5 1 1 2 3 6 9 1 5 7 4 8 56

2227.5 4

1 7 2 14
2 6 3 13
3 5 1 9 14
4 4 8 15

S9h [13] 9

4695.5 1 1 9 5 2 1 7 3 6 4 8 59

3697.5 4

1 3 5 13
2 8 2 15
3 6 7 1 16
4 4 9 15

material handling cost (f1) and floor length could be reduced
in the MFLP model by arranging the facilities in multiple
floors over the SRFLP model arranging them in a single
floor (row).

Studying two more small-size instances of sizes 10 and 11,
which were also originally introduced by Simmons [13] for
evaluating his SRFLP model, similar results as in Table II are
obtained. These results are given in Table III.

After the two sets of small-size instances, a set of 5
instances each of size 25 with different facility lengths and

TABLE III
RESULTS OF THE MFLP INSTANCES OF 10 AND 11 FACILITIES.

Instance Size Flow No. of Floor Facilities placed Floor
cost (f1) floors (f2) number in the floor length

S10 [13] 10

2781.5 1 1 9 3 1 7 5 10 4 2 6 8 60

2467 4

1 10 7 15
2 5 2 4 6 15
3 8 1 15
4 3 9 15

S11 [13] 11

6933.5 1 1 11 9 7 2 1 10 6 4 3 5 8 67

5882 4

1 9 11 16
2 7 1 2 17
3 3 4 6 17
4 10 8 5 17

flow costs, which were originally introduced by Nugent et
al. [14] for evaluating a SRFLP model, are studied. The results
containing the objective values of these instances, obtained in
one of the 30 runs of the GA, are presented in Table IV.
Though the final Pareto fronts of the instances contained

TABLE IV
OBJECTIVE VALUES OF THE MFLP INSTANCES OF 25 FACILITIES.

Instance Size f1 f2 Floor length
N25 01 [14] 25 4618 1 25
N25 02 [14] 25 18140.5 9 28
N25 03 [14] 25 13976 8 20
N25 04 [14] 25 21145.5 12 29
N25 05 [14] 25 10956.5 6 16

multiple trade-off solutions in terms of the two objective func-
tions (except instance N25 01, whose Pareto front converged
to a single solution), only the solutions arranging the facilities
in the maximum number of floors are presented in Table IV.
For illustration, the plots of the Pareto fronts, obtained in
different GA runs for instance N25 04, are also shown in
Fig. 3.
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Fig. 3. Pareto fronts obtained in different GA runs for instance N25 04 of
Table IV.

Finally, another set of 5 instances each of size 30 with
different facility lengths and flow costs are studied, which were
also originally introduced by Nugent et al. [14] for evaluating
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their SRFLP model, are studied. The results containing the
objective values of these instances, obtained in one of the 30
runs of the GA, are presented in Table V in a similar way
as in Table IV. Here, the Pareto front of instance N30 01

TABLE V
OBJECTIVE VALUES OF THE MFLP INSTANCES OF 30 FACILITIES.

Instance Size f1 f2 Floor length
N30 01 [14] 30 8278 1 30
N30 02 [14] 30 15143.5 6 14
N30 03 [14] 30 23478.5 8 24
N30 04 [14] 30 26417 9 29
N30 05 [14] 30 39766 14 40

converged to a single solution, and those of all other 4
instances converged at a set of trade-off solutions. However,
only the solutions arranging the facilities in the maximum
number of floors are presented in Table V. Further, the plots
of the Pareto fronts, obtained in different GA runs for instance
N30 05, are also shown in Fig. 4.
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Fig. 4. Pareto fronts obtained in different GA runs for instance N30 05 of
Table V.

VI. CONCLUSION

A new model of the multi-floor facility layout prob-
lem (MFLP) is proposed here. It is formulated as a multi-
objective optimization problem for arranging given facilities
in multiple floors by simultaneously minimizing the overall
material handling cost among the facilities and the maximum
number of floors required for their placement. It is considered
that facilities are placed in a floor, starting from its left end,
without allowing any physical gap between two facilities. Two
facilities placed in two different floors are allowed to interact
only through one of the elevators placed at two corners of the
floors. Further, an upper bound to the total height of the floors
is also created by imposing a constraint.

Customizing a permutation-based multi-objective genetic
algorithm, available in literature, a set of MFLP instances of
different sizes in the range of [9,30] are studied and their
detail results are presented. It is observed that both material
handling cost and floor size can be reduced by arranging given
facilities in multiple floors, instead of a single floor (row) as
studied under the single-row facility layout problem (SRFLP).

All the instances studied in the present work are one
dimensional, i.e., the facilities have only lengths. The proposed
MFLP model may be extended to study more realistic cases
considering both length and width of the facilities.
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Abstract—Milk pasteurization processes in dairy industries,
carried out in heat exchanger network (HEN), undergo severe
fouling because of the complex biological composition of milk.
The formation of fouling gradually reduces the heat transfer
capacity requiring to maintain the performance of a HEN by its
periodic cleaning for fouling, which not only involves very high
cleaning cost but also leads to production loss due to shutdown
of the production process during cleaning. Hence, the HEN needs
to be scheduled in a way to minimize the cleaning cost satisfying
different process conditions as well as avoiding loss in the net
production. In this work, the problem is formulated as a single-
objective optimization problem for minimizing operational cost
and then it is solved using a genetic algorithm. Further, along
with the economic criteria, the effects of energy consumption and
heating medium flow rate in the process are also discussed.

I. INTRODUCTION

Milk is pasteurized by heating to destroy the micro-

organisms dissolved in milk, so that it can be consumed

safely [1]. However, the process suffers from the rapid for-

mation of fouling on the heating surface. The major causes

of milk fouling are protein denaturation and calcium pre-

cipitation, which form precipitated layers on the surfaces of

heat exchangers [2], [10]. Milk fouling leads to numerous

undesirable phenomena, such as decrease in heat transfer

coefficient, increase in pressure drop, loss in product, etc. [2].

Various fouling models, involving such phenomena, are pro-

posed in [4], [11]–[13].

Fouling can be reduced either by improving the design of

heat exchangers [3], [4] or through process control by adjust-

ing physical parameters like air content, temperature, pressure,

flow rate, preheating, etc. [5]–[7]. Still a heat exchanger is to

be cleaned periodically to maintain a low fouling rate. Dairy

industries require the cleaning of a heat exchanger for 5–6

hours on daily basis [21].

Industrial heat exchangers are generally cleaned by

cleaning-in-place (CIP), cleaning-out-of place (COP) and man-

ual cleaning techniques [8], out of which CIP is found to be

the most effective one for dairy industries as it can be applied

in the plant itself without disassembling a heat exchanger

network (HEN) [9]. However, the CIP technique requires the

978-1-5090-5674-3/17/$31.00 c©2017 IEEE

production process to be stopped in the heat exchanger under

cleaning. Moreover, it consumes more water, chemicals and

energy, thus involving high cost (cost of cleaning, cost of

steam, cost of manpower, cost of electricity, etc.) [14], [15].

Hence, CIP systems require some modifications to make

them more efficient [16]. Manufacturing companies, such as

ECOLAB [17], OPTEK [18], SIEMENS [19] and SPX [20],

have developed some improved CIP systems.
Accordingly, an effective cleaning schedule of the heat

exchangers of a HEN becomes essential to minimize the clean-

ing cost by avoiding any production loss. Many works have

been reported on optimal operation of the milk pasteurization

process [1], [22], [23], while some other on optimal scheduling

of a HEN [21], [24]–[28]. It is found in all of these works that

cleaning is scheduled either for a single heat exchanger or

a small-size HEN. Also, the optimization models are solved

by various classical methods, which are usually inadequate

to handle large-size instances of the problem. Further, the

classical optimization methods need to transform this mixed

integer non-linear programming (MINLP) problem into an

equivalent mixed integer linear programming (MILP) model.
Motivated by above mentioned research gap, the milk

pasteurization in a serial HEN is formulated here as a mixed

integer non-linear single-objective optimization problem for

minimizing total cleaning cost subject to some processing

conditions. In the numerical experimentation, the effectiveness

and limitations of this formulation are demonstrated by solving

a case-study using a genetic algorithm (GA).

II. PROBLEM FORMULATION

The optimization of a milk pasteurization process carried

out in a serial HEN over a given time period is considered

here. The problem is broadly defined as follows:

• Determine

1) Operational status (heating or cleaning) of each heat

exchanger at every time instant.

2) Final outlet temperature of the steam (heating

medium) from the HEN at every time instant.

3) Final outlet temperature of the milk (processing

fluid) from the HEN at every time instant.
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• To minimize

1) Total cleaning cost.

• Subject to

1) Constraint on amount of mass deposition on the

surface of a heat exchanger.

2) Constraint on maximum operating time of a heat

exchanger.

3) Constraint on residence time of milk in the HEN.

4) Constraint on cleaning of a heat exchanger at two

consecutive time instants.

5) Constraint on temperature difference between steam

and milk.

6) Constraint on temperature of milk at the outlet of

the HEN.

The following are the notations to be used in the optimiza-

tion formulation of the problem:

• Indices

i : ith heat exchanger.

t : tth time instant.

• Parameters

N : Total number of heat exchangers in the HEN.

T : Duration of the production cycle.

Ai : Surface area of the heat exchanger.

Γi : Permitted period of continuous operation.

ζij : Heat transfer coefficient after the jth time

instant (ζij 6 Γi) of operation.

Θhinit
t : Initial temperature of steam.

Θfinit
t : Initial temperature of milk.

Θfmin
t : Required minimum temperature of milk

at the outlet of the HEN.

δΘt : Minimum temperature difference between

steam and milk.

ch : Specific heat capacity of steam.

cf : Specific heat capacity of milk.

F f : Flow rate of milk.

δcriti : Critical amount of mass deposition (fouling).

γi : Slope of the profile of mass deposition.

ri : Residence time of milk during operation.

rmin : Minimum overall residence time in the HEN.

Ch
t : Cost coefficient of steam.

Cfix
it : Fixed cost coefficient associated with CIP.

Cvar
it : Variable cost coefficient associated with CIP.

• Main variables

uit : Operational status.

Θhfinal
t : Steam temperature at the outlet of the HEN.

Θffinal
t : Milk temperature at the outlet of the HEN.

• Auxiliary variables

hit : Heat transfer coefficient under fouling.

τit : Number of continuous operational time

instants (τit 6 Γi).
Θhin

it : Inlet temperature of steam.

Θfin
it : Inlet temperature of milk.

Θfout
it : Outlet temperature of milk.

φt : Total number of operational heat exchangers.

The operational status of the heat exchangers over the time

instants (uit) can be expressed by Eq. (1).

uit =







0 ; if ith heat exchanger is cleaned at tth instant

1 ; otherwise.

i = 1, 2, . . . , N and t = 1, 2, . . . , T .
(1)

The total number of operational heat exchangers (φt) can

be computed using Eq. (2).

φt =
N
∑

i=1

uit ; t = 1, 2, . . . , T . (2)

The number of continuous operational time instants of the

ith heat exchanger at the tth time instant (τit) can be obtained

using Eq. (3).

τit =























0 ; if uit = 0 , ∀t = 1, 2, . . . , T
c ; if t = T ; ui,t−j+1 = 1 ;

ui,t−c = 0 ; j = 1 to c

1 + τiT ; if uit = 1 and t = 1
1 + τi,t−1 ; if uit = 1 and 1 < t < T

(3)

The decreased heat transfer co-efficients (hit) due to in-

creased mass deposition on the heat exchanger surface over

time, can be calculated using Eq. (4) as a function of τit.

hit =

{

ζi,τit ; if τit > 0
0 ; otherwise.

(4)

In Eq. (4), ζi,τit can be obtained experimentally or compu-

tational analysis of the complete milk pasteurization process.
The steam temperature at the entry (Θhin

it ) of a

heat exchanger can be obtained by uniformly distributing

(Θhinit
t −Θhfinal

t ) over all the operational heat exchangers of

a time instant as given by Eq. (5).

Θhin
it =







Θhinit
t ; if i 6 st

Θhin
i−1,t ; if i > st and ui−1,t = 0

Θhin
i−1,t −∆t ; if i > st and ui−1,t = 1

(5a)

where, st = min {p | upt = 1 ; p = 1, 2, . . . , N} (5b)

and, ∆t =
Θhinit

t −Θhfinal
t

φt − 1
(5c)

In Eq. (5), st is the first operational heat exchanger at time

instant t. It is considered in Eq. (5a) that steam temperature in

a heat exchanger at a time instant will be lost by an amount

of ∆t if the heat exchanger is in operation at that time instant.
Milk temperatures at the entry and exit of a heat exchanger

and at the outlet of the HEN at different time instants may be

obtained as given by Eq. (6).

Θfin
it =

{

Θfinit
t ; if i = 1

Θfout
i−1,t ; otherwise.

(6a)

Θfout
it =







Θfin
it ; if uit = 0

Aihit(2Θhin

it
−Θ

fin

it )+2F fcfΘfin

it

Aihit+2F fcf
; otherwise.

(6b)

Θffinal
t = Θfout

Nt (6c)
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Finally, the optimization of the milk pasteurization process

can be formulated mathematically as given by Eqs. (7) and

(8).

Minimize f ≡
T
∑

t=1

Ch
t Θ

hinit
t

+

N
∑

i=1

T
∑

t=1

{

Cfix
it (1− uit) + Cvar

it dit
}

(7a)

with dit =

{

τiT ; if t = 1
τi,t−1 ; if t > 1

(7b)

Subject to g1 ≡ γiΓi 6 δcriti (8a)

g2 ≡ τit 6 Γi (8b)

g3 ≡

N
∑

i=1

riuit > rmin (8c)

g4 ≡ (1− uiα) (1− uit) 6= 0 ;

α = T if t = 1, else α = t− 1 (8d)

g5 ≡ Θhin
it −Θfin

it > δΘt (8e)

g6 ≡
(

Θhin
it − uitδΘt

)

−Θfout
it > δΘt (8f)

g7 ≡ Θffinal
t > Θfmin

t (8g)

In Eq. (7a), the objective function f represents the total

clean-in-place (CIP) cost, which includes the cost of steam,

fixed cleaning cost and variable cleaning cost. Also, dit in

Eq. (7b) indicates the number of continuous operational time

instants prior to the cleaning time instant. The constraints

given by g1–g7 in Eqs. (8a)–(8g) represent, respectively, the

amount of mass deposition, continuous operational time, resi-

dence time of milk in the HEN, cleaning of a heat exchanger at

two consecutive time instants, temperature difference between

steam and milk at the entry of the heat exchanger, temperature

difference between steam and milk at the exit of the heat

exchanger, and temperature of milk at the outlet of the HEN.

Since these constraints are hard to handle, some repairing

mechanisms may be used for their forced satisfaction.

III. GENETIC ALGORITHM FOR SOLVING THE PROBLEM

In the present optimization problem, a HEN of N heat

exchangers is to be scheduled over T time instants. Accord-

ingly, the problem involves N × T number of {0,1} binary

variables (uit; i = 1, . . . , N and t = 1, . . . , T ) and T number

of real variables (Θhfinal
t ; t = 1, . . . , T ).

A binary-real-coded version of genetic algorithm (GA),

employed by Datta [29] to a problem of similar nature, namely

the unit commitment problem in the area of power systems,

is adopted here for solving the present problem. In this

GA, solution comparison is made with the binary tournament

selection operator. The single-point crossover operator and

swapping mutation operator are used for working with the

binary variables (uit) of the problem, while the simulated

binary crossover (SBX) operator and polynomial mutation

operator are used for handling the real variables Θhfinal
t (Deb

et al. [30] may be referred for detail of these operators).

IV. NUMERICAL EXPERIMENTATION AND DISCUSSION

The application of the optimization model given by Eqs. (7)

and (8) is demonstrated by solving it for a case-study using

the GA mentioned in Section III.

A. Case study

A HEN consisting of 15 plate type heat exchangers with

counter-current flow, taken from Georgiadis and Papageor-

giou [21], is investigated here. All the data related to the HEN

and the heat treatment process are kept the same with those

given in [21]. The data set includes fixed parameter values

related to heat exchanger and heat treatment process (N , Ai,

T , Θhinit
t , Θfinit

t , ch, cf , F f , δΘt, Θ
fmin
t , ri, rmin, δcriti ), heat

transfer co-efficients under milk fouling (ζit), rate of mass

deposition on the surfaces of heat exchangers (γi) and cleaning

cost co-efficients associated with CIP (Ch
t , Cfix

it , Cvar
it ).

B. Experimental setup

The problem is solved 30 times with different initial solu-

tions and other user-defined algorithmic parameter values to

analyze the statistical performances of the investigated GA.

The user-defined algorithmic parameter values are provided in

Table I.

TABLE I
USER-DEFINED PARAMETER VALUES USED IN THE INVESTIGATED GA.

Parameter Value

Population size 100
Maximum number of generations performed 20000
Crossover probability 90%
Distribution index for SBX operator 20
Mutation probability 1%
Distribution index for polynomial mutation operator 35
Number of runs 30

C. Results and discussion

The schedule of the HEN obtained in one out of the 30

independent runs of the GA is given in Table II, where ‘1’

TABLE II
SCHEDULING OF THE HEN OF 15 HEAT EXCHANGERS OVER 24 TIME

INSTANTS.

Time
Schedule

No. of Time
Schedule

No. of
inst. operating

HEs
inst. Operating

HEs
1 111011111011110 12 13 101011111111110 12
2 111111111100011 12 14 111101111010011 11
3 111110110111101 12 15 111111010111101 12
4 011111101111110 12 16 111110111101111 13
5 111111011010111 12 17 101111101110111 12
6 101111111111011 13 18 011101111011110 11
7 111001111101111 12 19 110111011111001 11
8 110111111111100 12 20 111011111011110 12
9 111110110110111 12 21 101110101101111 11
10 011111011011111 12 22 111111110110011 12
11 110111101111001 11 23 011101011111111 12
12 111111111101111 14 24 100111111111101 12

indicates that the corresponding heat exchanger is in operation,

61



2017 International Conference on Advances in Mechanical, Industrial, Automation and Management Systems (AMIAMS)

while ‘0’ means it is under cleaning. It can be observed that the

schedule satisfies the residence time constraint (residence time

of ri = 6 seconds in a heat exchanger and overall minimum

residence time of rmin = 60 seconds in the HEN at a time

instant), which demands at least 10 operating heat exchangers

at each time instant.

The total number of cleaning instants and the corresponding

cleaning cost obtained at different runs of the GA are visual-

ized in Fig. 1 (the cleaning cost has been expressed in rmu,

Run

N
um

be
r o

f c
le

an
in

g 
in

st
an

ts

 50

 60

 70

 80

 90

 100

 0  5  10  15  20  25  30

(a) Cleaning instants.

Run

C
le

an
in

g 
co

st
 (i

n 
rm

u)

 205000

 210000

 215000

 220000

 0  5  10  15  20  25  30
 200000

(b) Cleaning cost.

Fig. 1. Number of cleaning instants and cleaning cost obtained at different
runs of the GA.

which means relative monetary unit). The statistical analysis

of the overall cleaning cost (best, worst, average and standard

deviation) over 30 independent runs of the GA is presented in

Table III.

TABLE III
STATISTICAL ANALYSIS OF THE CLEANING COST OVER 30 INDEPENDENT

RUNS OF THE GA.

Cleaning cost f Value
Best 206990 rmu
Worst 216737 rmu
Average 211757 rmu
Standard deviation 0.96%

Along with satisfying the economic criteria (minimizing the

cleaning cost), thermal balance is also required during the milk

heat treatment process to avoid high energy consumption and

high steam flow rate. Hence, outlet temperatures of milk and

steam are two major issues of concern. It is to be ensured that

milk is not overheated consuming excess energy during the

process. The steam outlet temperature should also be within

some lower bound so as to utilize its heat content completely

by maintaining an aspired temperature difference between milk

and steam. Hence, for the schedule given in Table II, the

temperatures of milk and steam at the outlet of the HEN at

different time instants are investigated, the plots of which are

shown in Fig. 2. It is observed in Fig. 2(a) that milk leaves
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Fig. 2. Milk and steam temperatures at the outlet of the HEN at different
time instants.

the last heat exchanger of the HEN exactly at the expected

temperature (Θfmin
t = 96 oC) at all the 24 time instants.

On the other hand, it is seen in Fig. 2(b) that steam leaves

the HEN at higher temperatures than its minimum possible

value (Θfmin
t +δΘt = 99 oC) almost at all the 24 time instants,

which depicts that the heat of steam is not utilized fully, thus

requiring a higher steam flow rate.

In view of above, multi-objective optimization of the milk

pasteurization process may be performed for arriving at a set of

trade-off solutions by simultaneously minimizing operational

cost as well as energy consumption.

V. CONCLUSION

Motivated by the requirement of minimizing cleaning cost

of heat exchangers in dairy industries under milk fouling,

a mixed-integer optimization problem is formulated in the

present work. This cost minimization necessitates schedul-

ing of a heat exchanger network (HEN) and controlling of

processing fluid (milk) and heating medium (steam) outlet

temperatures at any time instant. Accordingly, a binary-real-

coded genetic algorithm (GA) is investigated here for schedul-

ing of a serial HEN over a given time period. The GA

could minimize the cleaning cost and maintain the milk outlet
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temperatures at the required level. However, the steam outlet

temperatures are found to be significantly above the minimum

possible level, thus demanding a higher steam flow rate.

Hence, further investigation may be carried out for balancing

both the economic and thermal performance criteria.
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A Multi-objective Optimization Method
Based on Nelder–Mead Simplex Search
Method

Vivek Kumar Mehta and Bhaskar Dasgupta

Abstract In this paper, a method based on Nelder and Mead’s simplex search method
is developed for solving multi-objective optimization problems. Unlike other multi-
objective optimization algorithms based on classical methods, this method does not
require any a priori knowledge about the problem. Moreover, it does not need any
pre-defined weights or additional constraints as it works without scalarizing the multi-
objective problem. The algorithm works with a population of points and is capable
of generating a multitude of Pareto optimal solutions. Equipped with the constraint
handling strategy adopted in this work, the method is found to be competitive with
respect to the existing algorithms.

Keywords Simplex search method · Multi-objective optimization ·
Pareto optimal solutions

1 Introduction

Nelder and Mead’s simplex search method [14] is a well-known direct search classical
algorithm for single-objective optimization. The method was introduced for solving
the usual single-objective unconstrained optimization problems. In a problem having
n design variables, it works with a simplex, which with its n + 1 vertices forms a
convex hull. Starting with an initial simplex in the design space, the method evaluates
the objective function value at each vertex of the simplex and on the basis of these
function values determines the worst xw, second worst xs , and the best xb among
them. Next, the algorithm attempts to improve the current simplex by replacing the
worst vertex with a potentially better point in the design space. It does so by exploring
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the region around the points (other than the worst point) with the help of a reflection
followed by a considered option of an expansion, contraction, or shrink.

In recent years, there have been attempts to exploit the potential of this algo-
rithm for multi-objective optimization problems [7, 8, 11, 12]. Using simplex search
method for local search along with the usual operations of reproduction, crossover,
and mutation involved in genetic algorithm, Koduru et al. [7] proposed a hybrid al-
gorithm, fuzzy simplex genetic algorithm (FSGA), which uses the concept of fuzzy
dominance. Martnez and Coello [11] have proposed a method for hybridizing the
NSGA-II algorithm with the simplex search method. They have also employed the
simplex search method for local exploration and found their method performing bet-
ter than NSGA-II. However, their method can only handle bound constraints. Kuriger
and Grant [8] proposed a lexicographic Nelder–Mead-based simulation optimization
(LNM-SO) method. They have used preemptive goal programming strategy for han-
dling multiple objectives. In addition to setting the target value for each goal, the
strategy demands the decision maker to rank the goals in order of decreasing impor-
tance.

Martinez et al. [12] proposed a nonlinear simplex search-based approach for
solving unconstrained multi-objective optimization problems. They have adopted
the penalty boundary intersection (PBI) approach [20], which uses weight vectors
and a penalty value to convert the multi-objective problem to several single-objective
problems. Then, they solve each of these subproblems using simplex search method
to obtain several solutions on the Pareto front.

In this paper, a multi-objective optimization method based purely on Nelder–
Mead’s simplex search method has been developed. The suggested method works
without converting the multi-objective optimization problem into single-objective
optimization problem and, yet, is capable of generating a multitude of Pareto optimal
solutions. The proposed method uses only the basic operations of simplex search
method and is capable of handling constraints efficiently. In Sect. 2, the proposed
method has been described in detail. Section 3 describes the constraint handling
strategy used with the proposed method. Sections 4 and 5 present the results obtained
by the proposed method for unconstrained and constrained problems, respectively,
followed by the conclusion in Sect. 6.

2 Proposed Algorithm

Evolutionary algorithms work with a population, because of which they are capable
of generating several solutions for a multi-objective optimization problem in a single
run. Like evolutionary algorithms, the simplex search method, in a way, also works
with a population of points. One obvious question than one could ask is the following.

Could it be used to generate several solutions for a multi-objective optimization problem
and that too in a single run?
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This is precisely the question that has been addressed in this work, and the pro-
posed method is an answer to this question. Though the proposed method is based
on the simplex search method, it is different from the basic simplex method in two
significant aspects.

1. The basic simplex method works with n + 1 points and a single simplex, whereas
the proposed method works with more than n + 1 points and multiple simplices.

2. In the basic simplex method, two points in the design space are compared on the
basis of objective function values, whereas in the case of the proposed method,
two points are compared on the basis of dominance.

Moreover, in the proposed algorithm the number of vertices used to form a sim-
plex, nps, is also taken as a parameter. In the usual simplex method, the number of
vertices to form a simplex, nps, is taken as (n + 1). To explore an n-dimensional
space, it is imperative for a simplex to have (n + 1) vertices so that no region of the
domain is outside the reach of such simplices. However, working with more than
one simplex, in a multi-objective scenario, gives an opportunity to explore the effect
of changing nps on the performance of the algorithm. Since the algorithm works
with more than one simplices, a region of the domain left unexplored by one of the
simplex could be covered by others.

Algorithm As discussed earlier, for solving an n-dimensional multi-objective opti-
mization problem, the proposed algorithm which is based on simplex search method
works with more than n + 1 points and multiple simplices. Further, the number of
vertices used to form a simplex, nps, is also considered as a parameter. Hence, it
is must to decide the population size, the number of simplices, and the number of
vertices for the simplex at the beginning of the algorithm. Let the population size be
denoted as Ps , and the number of simplices is denoted as N . Now, the task in hand
is to generate the new improved solutions using this initial population of solutions.
For generating the new solutions, at each iteration, iter, usual operations of simplex
search method, i.e., reflections, contraction, and expansion, are performed for each
of the N simplices. The stopping criterion for the simplex loop is Smaxiter . New
solutions are generated till the maximum iteration, Maxiter , is reached. Below are
the steps involved in the proposed algorithm.

• Decide population size Ps , number of simplices N , number of vertices to form a
simplex nps, maximum iteration of the outer loop Maxiter , and maximum iteration
for the simplex loop or the inner loop Smaxiter .

• Generate Ps points to form the initial population and assign front value to each
point of the population.

• Outer loop: For iter = 1 to iter = Maxiter , generate random combination of points
for N simplices.

• Inner loop: For each simplex, follow the usual procedure of basic simplex
method of reflection, expansion/contraction to generate new solutions and com-
pare different solutions on the basis of domination.
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It is interesting to note that if Smaxiter = 1, then by the end of every outer iteration, the
algorithm must have generated and explored at most 2N additional points (generated
by reflection and expansion/contraction). It is quite possible that in one of the inner
iterations, the algorithm accepts a point from the tenth front,1 whereas in another it
rejects a point which corresponds to the fifth front. Discarding or accepting points in
every inner loop severely hampers the efficiency of the algorithm because in doing
so it is quite likely that the algorithm discards a point having a better front value.

To overcome this difficulty, an additional population of points generated by reflec-
tion and expansion/contraction is maintained at the end of every outer loop iteration.
This additional population is then combined with original Ps points. Out of these
points, Ps points are chosen from the fronts having the highest front value. In the
vocabulary of evolutionary algorithms, this can be seen as preserving elites.

While selecting Ps points from a combined population of points, a condition may
arise when to complete the set of Ps points, and the algorithm needs to choose only
a subset of points from the points available on a front. In that case, those points from
the front can be chosen, which form a better spread of that front. This can be done
by introducing another measure, crowding distance [3], that will help the algorithm
identify such points from a front.

3 Constraint Handling with Simplex Search Method

A method for handling constraints with simplex search method for single-objective
constrained optimization problems has been proposed by the authors [13]. It treats
constraint violation and objective function separately and provides appropriate mea-
sures to handle all the cases of a simplex lying in any of the three regions, namely
(i) feasible region: where all the points of the simplex are feasible, (ii) boundary
region: where some of the n + 1 points are feasible and other infeasible, and (iii)
infeasible region: where all the points of the simplex are infeasible. In case all the
points are either feasible or infeasible, the algorithm tries to minimize the objective
function value or constraint violation, respectively. If the simplex lies in the bound-
ary region, the infeasible points are assigned a consolidated function value which
is equal to the sum of objective function value of the worst feasible point and the
constraint violation of that infeasible point. In this way, the point having the largest
value of constraint violation would become the worst point among n + 1 points and
the algorithm would try to move away from that point.

The same strategy of assigning function value is used here for handling constraints
in multi-objective scenario. The function value assignment for each point of the
population Ps is as follows:

1To compare two points on the basis of dominance, a front value is assigned to each point depending
on the front on which the point lies. All the points on a particular front have the same front value
which is equal to the number of points which are dominated by that front.
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– For each point of the population, evaluate the constraint violations and identify
the infeasible points.

– Evaluate the objective function values at all the feasible points, identify the worst
feasible function value for all the objectives fi , i = 1, 2, . . . , m, and store them
in a vector fw = [ f worst

1 f worst
2 . . . f worst

m ]T .
– To each of the infeasible points, assign a consolidated value

F = fw+cv[1 1 . . . 1]T
Rm×1 ,

where for a general multi-objective problem having inequality and equality
constraints defined as gi (x) ≤ 0 for i = 1, . . . , p, h j (x) = 0 for j = 1,

. . . , q; the constraint violation (cv2) is defined as:

cv =
p�

j=1

max
�
0, g j (x)

� +
q�

j=1

max {0, (|hk(x)| − δ)} + R
q�

j=1

|hk(x)|2.

Thus, all the points of the population will be assigned function values. The point
having the highest constraint violation will be dominated by all the other points, and
the proposed algorithm would try to move away from that point.

4 Unconstrained Problems

The proposed method has been tested on several unconstrained multi-objective test
problems shown in Table 1. The results are compared with the NSS-MO [12] and
NSGA-II [3] algorithms. The comparison with NSS-MO is on the basis of perfor-
mance metrics spacing S [17] and hypervolume [22], whereas with NSGA-II, it is
based on Υ and Δ [3]. The metrics Υ and hypervolume measure the convergence of
the solution points obtained to the global Pareto front, whereas the metrics Δ and S
give a measure of the diversity of the obtained solution set.

Martinez et al. [12] have compared their algorithm NSS-MO with that of Zhang
and Li [20] for the problems LIS, FON, and DTLZ5 and concluded their algorithm
to be superior than MOEA/D. For bi-objective problems LIS and FON, Martinez
et al. have taken Ps = 100 and maximum function evaluations to be 4000 and for
three-objective problem, DTLZ5, they have taken Ps = 300 and maximum function
evaluations to be 12,000. For comparison, 30 independent runs of the proposed
algorithm have been considered, with same Ps and maximum function evaluations,
along with N = 100, nps = n + 1 and Smaxiter = 1.

Figure 1 shows the typical convergence of the population points of the proposed
algorithm for problems LIS, FON, and DTLZ5. Table 2 shows the comparison of the
results obtained from the proposed algorithm with that of the NSS-MO (as reported in
[12]). For each problem, boldface values correspond to the algorithm which performs

2For discussion on R and δ in the expression, see Mehta and Dasgupta [13].
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Table 1 Unconstrained multi-objective optimization test problems

Problem n Variable
bounds

Objective function Nature of
Pareto front

SCH
Schaffer [16]

1 [−103, 103] f1(x) = x2

f2(x) = (x − 5)2
Convex
Connected

LIS
Lis and Eiben [10]

2 [−5, 10] f1(x) = 8
�

x2
1 + x2

2

f2(x) = 4
�

(x1 − 0.5)2 + (x2 − 0.5)2

Non-convex
Connected

FON
Fonseca et al. [6]

3 [-4, 4] f1(x) = 1 − exp(−3
�3

i=1(xi − 1√
3
)2)

f2(x) = 1 − exp(−3
�3

i=1(xi + 1√
3
)2)

Non-convex
Connected

POL
Poloni et al. [15]

2 [−π , π] f1(x) = 1 + (A1 − B1)
2 + (A2 − B2)

2

f2(x) = (x1 + 3)2 + (x2 + 1)2

A1 = 0.5 sin 1 − 2 cos 1 + sin 2 − 1.5 cos 2
A2 = 1.5 sin 1 − cos 1 + 2 sin 2 − 0.5 cos 2
B1 = 0.5 sin x1 − 2 cos x1 + sin x2 − 1.5 cos x2

B2 = 1.5 sin x1 − cos x1 + 2 sin x2 − 0.5 cos x2

Disconnected,
Non-convex

KUR
Kursawe
[9]

3 [−5, 5] f1(x) = �n−1
i=1 (−10 exp(−0.2

�
x2

i + x2
i+1))

f2(x) = �n
i=1, (|xi |0.8 + 5 sin x3

i )

Non-convex
Disconnected

VNT
Viennet et al. [19]

2 [−3, 3] f1(x) = 0.5(x2
1 + x2

2 ) + sin(x2
1 + x2

2 )

f2(x) = (3x1−2x2+4)2

8 + (x1−x2+1)2

27 + 15
f3(x) = (x2

1 + x2
2 + 1)−1 − 1.1

exp [−(x2
1 + x2

2 )]

Non-convex
Disconnected

DTLZ5
Deb et al. [5]

12 [0, 1] f1(x) = cos (θ1) cos (θ2)(1 + g(xM ))

f2(x) = cos (θ1) sin (θ2)(1 + g(xM ))

f3(x) = sin (θ1)(1 + g(xM ))

g(xM ) = �
xi ∈xM

(xi − 0.5)2

θ1 = π
2 x1

θ2 = π
4(1+g(xM )

(1 + 2g(xM x2))

xM = [x3, x4, x5, x6, x7, x8, x9, x10, x11, x12]

Non-convex
Connected
Degenerate

better. Clearly, as the convergence of the proposed algorithm is better in two out of
three cases, whereas the spacing metric values are better for the NSS-MO algorithm
in two cases, one cannot say which algorithm performs better on these problems.
However, it is important to note that the proposed algorithm has performed similar
to the NSS-MO without using any weight vector and penalty value and without
converting the multi-objective problem to single-objective problem.

For comparison, the NSGA-II3 algorithm has been run for 250 generations (or
Maxiter) with a population size of N = 100, crossover probability 0.9, and a mutation
probability of 1/n (where n is the number of design variables). The distribution
indices for mutation and crossover operators were taken as ηm = 20 and ηc = 20,
respectively. To keep the function evaluations of the proposed algorithm same as that
of NSGA-II, the runs for the proposed algorithm were taken with maximum number

3The authors gratefully acknowledge the availability of the source codes for NSGA-II algorithm
on the Web site http://www.iitk.ac.in/kangal/codes.shtml, from where these were downloaded on
September 8, 2011.
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Fig. 1 Typical results of the proposed algorithm for problems LIS, FON, and DTLZ5

Table 2 Comparison of the proposed algorithm with NSS-MO. The hypervolume calculation is
based on reference vector r = [1 1]T for LIS, r = [1.1 1.1]T for FON and r = [1.1 1.1 1.1]T for
DLTZ5

Problem NSS-MO Proposed
algorithm

NSS-MO Proposed
algorithm

Hypervolume Spacing

Mean (variance) Mean (variance) Mean (variance) Mean (variance)

LIS 0.309713
(0.007686)

0.281162
(0.000029)

0.005861
(0.000812)

0.005823
(0)

FON 0.542006
(0.001476)

0.543569
(0)

0.004454
(0.000218)

0.005823
(0.000001)

DLTZ5 0.429676
(0.000917)

0.432870
(0.000006)

0.007064
(0.001211)

0.019799
(0.000289)
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Table 3 Comparison of different algorithms of the basis of mean and variance of metrics Υ and Δ

Problem Algorithm Ῡ σΥ Δ̄ σΔ N̄ f

SCH NSGA-II 0.003173 0 0.430332 0.001196 25,000

Proposed
algorithm
(n + 1)

0.003162 0 0.393513 0.000722 25,000

FON NSGA-II 0.002589 0 0.373326 0.000566 25,000

Proposed
algorithm
(2)

0.002173 0 0.293504 0.000539 25,000

Proposed
algorithm
(n + 1)

0.002240 0 0.323102 0.000674 25,000

POL NSGA-II 0.014194 0.000001 0.415517 0.001060 25,000

Proposed
algorithm
(2)

0.015238 0.000001 0.339555 0.000244 25,000

Proposed
algorithm
(n + 1)

0.016869 0.000001 0.322245 0.000290 25,000

of function evaluations as 25,000. Ten independent runs for each of the algorithms
have been considered for those problems for which the true Pareto front is known. For
the proposed algorithm, the run was carried out with two values of nps. The average
performance of the algorithms, on the basis of Υ and Δ, is shown in Table 3. As is
evident from the values shown in the table, except the value of Ῡ for the problem
POL, all the results of the proposed algorithm are better than NSGA-II.

For the problems, KUR and VNT (for which the true Pareto front is not known),
the results are compared using set converge metrics [21] CAB and CB A, where A
corresponds to the solution set obtained by the proposed algorithm and B corresponds
to the solution set obtained by the NSGA-II algorithm.

Table 4 shows the mean and standard deviation for these metrics. As discussed
earlier, the metric CAB gives the fraction of solutions in set B, which are dominated
by solutions of set A and CB A gives the fraction of solutions in set A, which are
dominated by solutions of set B. As evident from the table, for the problem KUR,
on an average more number of solutions of set A, i.e., solutions obtained by the
proposed algorithm are dominated by the solutions of set B. Hence, the algorithm
NSGA-II performs better on the problem KUR. For the problem VNT, on an average
more number of solutions of set B, i.e., solutions obtained by the NSGA-II algorithm
are dominated by the solutions of set A. So, the proposed algorithm performs better
in case of the problem VNT.
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Table 4 Comparison of different algorithms on the basis of set converge metric

Problem Algorithm C̄AB σCAB C̄B A σCB A N̄ f

KUR A: Proposed
algorithm
(nps =
n + 1)
B: NSGA-II

0.0854 0.0251 0.4227 0.0375 25,000

A: Proposed
algorithm
(nps = 2)
B: NSGA-II

0.1177 0.0366 0.2219 0.0438 25,000

VNT A: Proposed
algorithm
(nps =
n + 1)
B: NSGA-II

0.1023 0.0303 0.0774 0.0290 25,000

A: Proposed
algorithm
(nps = 2)
B: NSGA-II

0.1132 0.0344 0.0667 0.0248 25,000

5 Constrained Problems

The proposed multi-objective optimization algorithm equipped with the constraint
handling procedure discussed in Sect. 3 is tried on some problems (Table 5) available
in the literature. These problems include two problems of mechanical component
design: two-bar truss design problem and welded-beam design problem. The results
have been compared with NSGA-II. The results of NSGA-II were obtained with 250
generations (or Maxiter), a population size of N = 100, crossover probability 0.9
and a mutation probability of 1/n (where n is the number of design variables). The
distribution indices for mutation and crossover operators were taken as ηm = 100 and
ηc = 20, respectively. To keep the function evaluations of the proposed algorithm
same as that of NSGA-II, the results of the proposed algorithm have been obtained
with the maximum number of function evaluations as 25,000.

Figure 2 shows the typical convergence of the proposed algorithm on these con-
strained test problems, along with that of NSGA-II. Except the welded-beam design
problem, where both the algorithms have fallen short of locating the minimum of
objective function f1, the performance of both the algorithms is good, as all the points
of the population have converged close to the actual Pareto front and a decent spread
has been maintained by both the algorithms. To compare the average performance of
the algorithms quantitatively, ten runs of both the algorithms were taken and mean
and variance of the performance metrics Υ and Δ are shown in Table 6. As shown
in the table, except the SRN and truss design problem, the convergence metric Υ
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Table 5 Constrained multi-objective optimization test problems
Problem n Variable bounds Definition

DEB
Deb et al. [3]

2 x1 ∈ [0.1, 1.0]
x2 ∈ [0, 5]

Minimize f1(x) = x1

Minimize f2(x) = 1+x2
x1

Subject to
g1(x) = 6 − x2 − 9x1 ≤ 0
g2(x) = 1 + x2 − 9x1 ≤ 0

SRN
Chankong and Haimes [1]

2 x1 ∈ [−20, 20]
x3 ∈ [−20, 20]

Minimize f1(x) = (x1 − 2)2 + (x2 − 1)2 + 2
Minimize f2(x) = 9x1 − (x2 − 1)2

Subject to
g1(x) = x2

1 + x2
2 − 225 ≤ 0

g2(x) = x1 − 3x2 + 10 ≤ 0

TNK
Tanaka et al. [18]

2 x1 ∈ [−π,π ]
x2 ∈ [−π,π ]

Minimize f1(x) = x1
Minimize f2(x) = x2
Subject to
g1(x) = −x2

1 − x2
2 + 1 + 0.1 cos(16 arctan x

y ) ≤ 0

g2(x) = (x1 − 0.5)2 + (x2 − 0.5)2 − 0.5 ≤ 0

Welded beam
Deb and Srinivasan [4]

4 h ∈ [0.125, 5]
t ∈ [0.1, 10]
l ∈ [0.1, 10]
b ∈ [0.125, 5]

Minimize f1 = (1.10471h2l + 0.04811tb(14 + l))
Minimize f2 = (2.1952/(t3b))

Subject to
g1 = τ − 13600
g2 = σ − 30600
g3 = h − b
g4 = 6000 − Pc
where
τp = 6000/(

√
2hl)

τdp = 6000(14 + 0.5l)

�
0.25(l2+(h+t)2))

(1.414lh((l2/12)+0.25(h+t)2)

Pc = 64746.022(1 − 0.0282346t)tb3

σ = 504000/(t2b)

τ =
�

τ2
p + τ2

dp + lτpτdp�
0.25(l2+(h+t)2)

Two-bar
Truss design Deb
[2, pp. 450–451]

3 x1 ∈ [0, 0.01]
x2 ∈ [0, 0.01]
y ∈ [1.0, 3.0]

Minimize f1 = x1
�

16 + y2 + x2
�

1 + y2

Minimize f2=max(σAC , σBC )
Subject to
g1 =max(σAC , σBC ) ≤ 105

where

σAC = 20
�

16+y2

yx1

σAC = 80
�

1+y2

yx2

has a better value for the proposed algorithm. Also, the metric Δ, which signifies the
spread of the points of the population over the Pareto front, has better value in all the
cases.

With the above discussions, it is clear that the proposed method which is based on
a classical direct search algorithm is capable of generating a multitude of solutions
for multi-objective optimization problems. The method is capable of handling con-
straints neatly and efficiently and can solve engineering problems. Apart from the
problems discussed here, the proposed method has been tested on few other prob-
lems and the performance is found to be comparable with the existing algorithms.
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Fig. 2 Typical results of NSGA-II and the proposed algorithms for constrained problems

However, to exploit the true potential of the proposed algorithm and to further de-
velop the idea of using the simplex search method as the multi-objective optimization
tool, detailed studies on the area are needed.

6 Conclusion

In this paper, a multi-objective optimization method based on Nelder and Mead’s
simplex search method has been developed. The method is easy to implement and
unlike NSS-MO [12], which is another multi-objective algorithm based on Nelder
and Mead’s simplex search method, is capable of handling constraints. The proposed
method does not need any a priori and additional information about the problem,
and it works without converting the multi-objective optimization problem to single-
objective problem using weights or additional constraints.
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Table 6 Comparison of different algorithms of the basis of mean and variance of metrics Υ and Δ

Problem Algorithm Ῡ σΥ Δ̄ σΔ N̄ f

DEB NSGA-II 0.004666 0 0.691395 0.002342 25,000

Proposed
algorithm
(2)

0.004419 0 0.604383 0.000834 25,000

Proposed
algorithm
(n + 1)

0.005127 0 0.568830 0.000738 25,000

SRN NSGA-II 0.287146 0.000615 0.380772 0.001154 25,000

Proposed
algorithm
(2)

0.341309 0.000752 0.365620 0.000429 25,000

Proposed
algorithm
(n + 1)

0.341737 0.000501 0.376241 0.000849 25,000

TNK NSGA-II 0.005242 0 0.719209 0.000585 25,000

Proposed
algorithm
(2)

0.003374 0 0.626290 0.001373 25,000

Proposed
algorithm
(n + 1)

0.003420 0 0.630787 0.000284 25,000

Welded
beam

NSGA-II 0.049928 0.000925 0.760862 0.004857 25,000

Proposed
algorithm
(2)

0.100432 0.032677 0.730994 0.009236 25,000

Proposed
algorithm
(n + 1)

0.044968 0.000030 0.552562 0.003877 25,000

Truss
design

NSGA-II 265.8680 713.1869 0.740586 0.001752 25,000

Proposed
algorithm
(2)

273.7213 976.5151 0.640583 0.001531 25,000

Proposed
algorithm
(n + 1)

279.8505 782.431 0.624337 0.001124 25,000

It has been shown that the proposed algorithm is capable of generating multiple
solutions closer to the true Pareto front of a problem with decent spread and that
too in a single run, and its performance is comparable to well-established algorithm
NSGA-II. It has been found that several parameters influence the performance of
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the algorithm. A detailed study of these effects on the performance of the proposed
method could be taken up further for understanding and enhancing the capabilities
of the proposed method.
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Abstract. The crude oil preheating process in refineries is required to
be scheduled in a way to minimize the processing cost involved with it,
subject to the satisfaction of various process related constraints. The
process forms a mixed-integer optimization problem as the scheduling of
the processing units involves binary variables, while the discharges from
the running units are real valued. The two parts of such problems are
usually handled by two different algorithms, where the optimum schedul-
ing obtained by one algorithm is fed to another algorithm for optimiz-
ing its discharge process. In the present work, formulating the crude oil
preheating process under the effect of linear fouling as a mixed-integer
nonlinear programming (MINLP) model, three binary-real coded evolu-
tionary algorithms (EAs) are investigated in order to demonstrate that a
single EA can successfully tackle its both binary and real parts. Further,
the statistical analysis of the performances of the EAs are also presented
through their application to a benchmark instance of the problem.

Keywords: Evolutionary algorithms · Optimization
Crude oil preheating process

1 Introduction

Evolutionary algorithms (EAs) are known to have the ability to find approximate
solutions in reasonable time for such problems also, where classical optimization
methods either become too expensive or even ineffective. EAs are usually inde-
pendent of problem domains unlike classical optimization methods, which are
restricted to specific classes of problems only. Hence, EAs have found applica-
tions in a wide range of real-life problems, including linear and nonlinear, convex
and non-convex, continuous and discrete, and many more.

However, EAs still could not be generalized in case of many classes of dis-
crete or mixed-discrete problems, but require the incorporation of some problem
information for their effective performance. Unit scheduling of continuous flow
process systems in industries is such a problem, which consists of two opti-
mization sub-problems. The first part is the integer-valued scheduling of the

c© Springer International Publishing AG, part of Springer Nature 2018
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processing units, while the second part is concerned with the optimization of the
discharge process based on the scheduling of the first part. Accordingly, the opti-
mization of an industrial continuous flow process system essentially becomes a
mixed-integer non-linear programming (MINLP) problem involving both integer
variables to represent operational status of the units and real variables to repre-
sent the flows from the running units. Due to the complexities involved with such
MINLP problems, two parts of a problem are often tackled separately through
two different algorithms, where the first algorithm is employed to schedule the
processing units over a time horizon and then the second algorithm optimizes
the flow processes in the schedule of the first algorithm [1,2]. However, such an
isolating system may suffer from the drawback of missing better solutions as the
possibility of more promising solutions cannot be denied if both the parts of the
problem were tackled interactively [3,4].

In view of above, three EAs are investigated here for handling an MINLP
based two-step continuous flow process system by a single EA. The studied
problem is the optimum scheduling of the crude oil preheating process arising
in refineries, which is carried out through a crude preheat train (CPT) over a
time horizon. The aim of preheating is to increase the crude oil temperature
to a certain degree before its entry into a furnace, so that the energy (fuel)
requirement in the furnace gets reduced. The CPT consists of a network of heat
exchangers, commonly known as the heat exchanger network (HEN), to run a
productive heat treatment process. The heat exchangers of HEN require periodic
shutting down for the purpose of cleaning or other maintenance. This demands
the effective scheduling of the HEN in order to get the optimum performance
from the active units.

2 Literature Review

In the case of EAs, mixed-integer problems involving distinct real and integer
valued parts are often solved by hybridizing two optimization techniques, allow-
ing one technique to handle the integer part and another to handle the real part.
As an example, Trivedi et al. [5] solved the mixed-integer unit commitment
problem, where binary variables are evolved using a genetic algorithm (GA) and
the continuous variables using a differential evolution (DE). Similar hybridiza-
tion procedures are found in many other works, such as hybridization of GA
and particle swarm optimization (PSO) [6,7], artificial bee colony (ABC) and
GA [8], and DE and PSO [9].

Some works are also found where both integer and real parts of mixed-integer
problems are handled by a single algorithm [3,4]. However, no such work on
scheduling the crude oil preheating process in refineries could be found in spe-
cialized literature.

3 Problem Description and Formulation

The studied problem of crude oil preheating process in a CPT is adopted from
Smäıli et al. [10], which is shown schematically in Fig. 1. In this problem, the
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Fig. 1. Crude oil preheating process in a CPT [10].

raw crude oil passes through 14 heat exchangers (marked in Fig. 1 by 1 to 14),
where it is preheated by 7 heating streams (marked in Fig. 1 by H1 to H7)
prior to entering into the furnace. Heat exchangers 1–8 are connected in series;
while the remaining 6 heat exchangers are arranged in two parallel lines, one
containing heat exchangers 9–11 and the other connecting heat exchangers 12–
14. The desalter and flash used in the processing line remove, respectively, any
salt and vapour dissolved in the crude oil. The preheated crude oil is then burnt
in the furnace at a higher temperature, after which it is distilled into different
products.

During the preheating process of the crude oil, some impurities mixed
with the crude oil get precipitated/deposited on the inner surfaces of the heat
exchangers, which is called fouling. Such deposition forms a thick layer over time,
which gradually reduces the performance of heat exchangers. In other words, the
crude oil cannot be heated up to the possible level, which consequently increases
the energy requirement in the furnace, thus increasing the energy cost. Further,
the periodic cleaning of the heat exchangers for mitigating fouling is associated
with cleaning cost. Hence, the process needs optimization for minimizing the
total operational cost (i.e., the total of energy cost and cleaning cost) subject to
some processing constraints.

Since the process is operated continuously over several years without any
interruption, it can be considered that a cycle of a shorter time period is repeated
in the entire time horizon. For the purpose of analysis, the cycle can further
be divided equally into a certain number of time instants. At a time instant,
a unit (heat exchanger) will remain either in full operation or partially/fully
shutdown. In a shutting down instant, a unit may go through cleaning process
also. Accordingly, the general optimization problem of a cycle of the process can
be defined as follows:
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– Determine
1. Operational status of each unit at every time instant.
2. Outlet temperature of the crude from the CPT at every time instant.

– To minimize total cost (cleaning cost plus energy cost).
– Subject to

1. Limit on operational units in each series segment at every instant.
2. Limit on operational units in each parallel segment at every instant.
3. Limit on operational units in each heating line at every instant.
4. Limit on crude oil temperature from the outlet of the CPT.
5. Limit on cleaning instants of each unit in the entire time horizon.
6. Limit on cleaning a unit at consecutive time instants.

The above optimization problem is formulated in Eqs. (1) and (2).

Minimize f = Ccl
N∑

i=1

T∑

t=1

βit + CenerF f
NcfN

T∑

t=1

(
Θfmax − Θf,out

Nt

)
(1)

Subject to g1 ≡
nsui∑

j=1

usuij ,t � suon
i ; t = 1, 2, · · · , T ; i = 1, 2, · · · ,ns

(2a)

g2 ≡
npsuij∑

k=1

upsuijk,t � psuon
ij ;

t = 1, 2, · · · , T ; j = 1, 2, · · · ,npsi
i = 1, 2, · · · ,npl

(2b)

g3 ≡
nhlui∑

j=1

uhluij ,t � hluon
i ; t = 1, 2, · · · , T ; i = 1, 2, · · · ,nhl

(2c)

g4 ≡ Θf,out
Nt � Θfmax; t = 1, 2, · · · , T (2d)

g5 ≡
T∑

t=1

vit � 1; i = 1, 2, · · · , N (2e)

g6 ≡ (1 − uip) (1 − uit) �= 0; p =

{
T ; if t = 1
t − 1; otherwise.

t = 1, 2, · · · , T ; i = 1, 2, · · · , N

(2f)

The objective function, f , in Eq. (1) represents the total operational cost,
where the two summing terms on the right side represent the cleaning cost and
energy cost, respectively. The constraints, g1–g3, in Eqs. (2a)–(2c) represent,
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respectively, the minimum number of operational units in series segments, par-
allel segments, and heating medium flow lines; while the constraints, g4–g6, in
Eqs. (2d)–(2f) ensure the specified temperature of the crude oil at the outlet
of the CPT, cleaning of each unit at least once in the entire time horizon, and
avoiding the cleaning of a unit at two consecutive time instants, respectively.

In Eqs. (1) and (2), N and T are respectively the total number of units (heat
exchangers) and time instants in a production cycle, Ccl is the cleaning cost
coefficient per cleaning instant for the ith unit at the tth time instant (in prac-
tice, Ccl may remain same in all units and time instants), Cener is the energy
cost coefficient per unit of energy requirement, F f

N is the flow rate in the last
unit (Nth unit), cfN is the specific heat transfer capacity of the crude oil in the
last unit, Θf,out

Nt is the crude outlet temperature from the last unit at the tth time
instant, Θfmax is the temperature up to which the crude is to be heated in the
furnace, ns is the number of series segments, nsui is the number of units in the
ith series segment with suij as its jth unit and suon

i as the required minimum
number of operational units, npl is the number of parallel segments, npsi is the
number of branches in the ith parallel segment with npsuij as the number of
units in its jth branch and psuijk as the kth unit while psuon

ij as the required
minimum number of operational units in that branch, nhl is the number of heat-
ing lines with nhlui as the number of units in the ith heating line and hluij as
the jth unit and hluon

i as the required minimum number of operational units in
that heating line.

The cleaning time (βit), operational status (uit) and cleaning status (vit) of
the units, as used in Eqs. (1) and (2), are expressed by Eq. (3), where vit = 1
means that the ith unit will be cleaned at the tth time instant.

uit =

⎧
⎪⎨

⎪⎩

1; if the ith unit is fully in operation
0; if the ith unit is shutdown partially

t = 1, 2, · · · , T ; i = 1, 2, · · · , N.

(3a)

vit =

⎧
⎪⎨

⎪⎩

0; if uit = 1
{0, 1}; otherwise

t = 1, 2, · · · , T ; i = 1, 2, · · · , N.

(3b)

βit =

⎧
⎪⎨

⎪⎩

0; if vit = 0
∈ [0, αit]; otherwise

t = 1, 2, · · · , T ; i = 1, 2, · · · , N.

(3c)

For obtaining the crude oil outlet temperatures from the last unit at different
time instants, Θf,out

Nt used in Eqs. (1) and (2d), the same for different units are
computed using Eq. (4a), where t = 1, 2, · · · , T and i = 1, 2, · · · , N .



118 D. Deka and D. Datta

Θf,out
it =

{
Θf,in

it ; ifuit = 0
φh
itΘ

hinit
i (1 − αit) + {αit + (1 − αit)φc

it} Θf,in
it ; otherwise.

(4a)

where, Θf,in
it =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Θf,inlet; if i = 1
Θf,out

i−1,t; i ∈ {2 − 14; i �= 6, 12}
Θf,out

5,t − Θdesalter; if i = 6
Θf,out

8,t ; if i = 12

(4b)

φh
it =

(1 − x)Cmin

(1 − xRi)cfi
(4c)

φc
it =

(1 − xRi)cfi − (1 − x)Cmin

(1 − xRi)cf
(4d)

Cmin = min{F f
i c

f
i, F

h
i chi } (4e)

x = exp
{

−hitAi

Cmin
(1 − Ri)

}
(4f)

Ri =
Cmin

Cmax
(4g)

αit =

⎧
⎪⎨

⎪⎩

0; ifuit = 1
∈ (0, 1); otherwise

t = 1, 2, · · · , T ; i = 1, 2, · · · , N.

(4h)

In Eq. (4), Θf,out
it is the crude outlet temperature from ith unit at tth time

instant, Θf,in
it is the crude oil inlet temperature of ith unit at tth time instant,

Θhinit
i is the initial temperature of heating medium of ith unit, αit is the partial

shutdown time during operation, Θf,inlet is the crude oil temperature at the inlet
of the CPT, Θdesalter is the temperature drop in desalter, Cmin is the minimum
heat capacity rate, Cmax is the maximum heat capacity rate, F f

i is the flow rate
of crude oil of ith unit, cfi is the specific heat capacity of crude oil of ith unit,
F h
i is the flow rate of heating medium of ith unit, chi is the specific heat capacity

of heating medium of ith unit, hit is the heat transfer co-efficient of ith unit at
tth time instant and Ai is the area of ith unit.

The heat transfer co-coefficients for cleaning/shutdown sub-period (hcl
it) and

processing sub-period (hpr
it ) can be obtained from the linear fouling rates (Ṙf

t),
which are expressed by Eq. (5).

Ṙf,pr
it = Ṙf,cl

it = Ṙf
t (5a)

hcl
it =

hpr
i,t−1

1 + {hpr
i,t−1Ṙ

f,pr
i,t−1(1 − αit)Δt} (5b)

hpr
it =

hcl
it

1 + (hcl
itṘ

f,cl
i,t−1βitΔt)

+ (vithclean
it ) (5c)
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In Eq. (5), Ṙf,pr
it is the fouling resistance under processing sub-period, Ṙf,cl

it is
the fouling resistance under cleaning sub-period and Δt is the duration of each
time interval.

4 Evolutionary Algorithms (EAs) for Solving
the Problem

The optimization problem studied in the present work seeks the scheduling of
the crude oil preheating process in a CPT of N heat exchangers over T time
instants, so as to minimize the total cost arising from the requirement of exter-
nal energy for additional heating of the crude oil and periodic cleaning of the
heat exchangers. The scheduling of the heat exchangers needs 2NT number of
{0, 1} binary variables (uit and vit; i = 1, . . . , N and t = 1, . . . , T ), while the
crude preheating process requires NT number of real variables (αit; i = 1, . . . , N
and t = 1, . . . , T ). For solving the problem, three mixed-binary EAs are inves-
tigated here, which are genetic algorithm (GA), differential evolution (DE) and
particle swarm optimization (PSO). In all the three EAs, an individual (solution
representation) for the problem at hand consists of two one-dimensional arrays,
the first one of size 2NT takes the {0, 1} binary variables and the second one of
size NT takes the real variables.

The investigated binary-real coded GA (brGA) is the one applied by Datta [3]
to a problem of similar nature, namely the unit commitment problem arising
in the area of power systems, which involves the scheduling of given power
generating units and optimization of discharge from the operational units in
a way to meet the hourly power demand at a minimum production cost sub-
ject to a series of system related fixed and dynamic constraints. In the brGA,
the standard binary tournament selection operator, single-point crossover oper-
ator and swapping mutation operators are used for handling the {0, 1} val-
ued binary variables; while the binary tournament selection operator, simulated
binary crossover (SBX) operator [11] and polynomial mutation operator [11] are
used for handling the real variables of a problem.

Datta and Figueira [12] proposed a real-integer-discrete coded differential
evolution (ridDE) algorithm for working with any type of variables (real, binary,
integer, or discrete) without any conversion, which was also applied successfully
to the unit commitment problem by Datta and Dutta [2]. The ridDE replaces
the real valued mutation operator of the ‘DE/rand/1/bin’ variant of DE [13] by
a binary valued mutation operator, which generates only {0, 1} valued binary
mutant elements with a mutation probability based on some basic properties of
DE and such binary numbers. The ridDE is investigated here as another EA for
solving the problem at hand.

Similar to the ridDE [12], Datta and Figueira [14] proposed a real-integer-
discrete coded particle swarm optimization (ridPSO) algorithm for working with
any type of variables (real, binary, integer, or discrete) without any conversion,
whose application was demonstrated on various engineering design problems.
The ridPSO defines particle vectors by {0, 1} valued binary elements with a



120 D. Deka and D. Datta

mutation probability, based on some basic properties of PSO and such binary
numbers. The ridPSO is investigated here as the third EA for solving the crude
oil preheating problem.

Since all the three EAs are stochastic in nature, there is no guarantee that
the new individuals formed in a generation (iteration) will be better than those
of the current individuals from where they were generated. Hence, in order to
prevent the search from moving opposite to the optimum in worst cases, the
elite individuals at every generation are preserved using the mechanism proposed
by Deb et al. [15]. In this case, instead of forming the population for the next
generation directly with the newly generated individuals, they are first combined
with the existing individuals of the current population. Then the best 50% of
them, based on their objective values, are taken as the population for the next
generation.

5 Numerical Experimentation

The EAs stated in Sect. 4 are coded in the C programming language by incor-
porating the optimization problem formulated in Eqs. (1) and (2). Then the
performances of the EAs are evaluated with the help of a case study.

5.1 Case Study

The investigated case study of crude oil preheating is taken from Smäıli et al. [10].
As shown in Fig. 1, the CPT in the case study consists of 14 number of shell and
tube heat exchangers (N = 14) of the type of counter-current flow. The heat
exchanger network (HEN) starts with two series segments (ns = 2); the first
one contains units (heat exchangers) 1–5, followed by a desalter, and then the
second series segment containing units 6–8. Fixing a flash after the second series
segment, the remaining six units are then arranged in a parallel segment (npl =
1) having two branches; the first one contains units 9–11 and the second one
contains units 12–14. At the end of the HEN, a furnace is placed for further
heating of the crude oil, if required.

There are seven heating lines (nhl = 7) in the HEN, which are marked in
Fig. 1 as H1–H7. The units (heat exchangers) covered by the heating lines are as
follows—H1: (1, 9, 12), H2: (8, 10, 13), H3: (6, 11, 14), H4: (3, 7), H5: (2), H6:
(4) and H7: (5).

The case study is subjected to some operational constraints in the form of
minimum number of units to be made always fully operational. Each of the two
series segments and the two branches of the parallel segment requires minimum
of two of its units to be made fully operational. Some heating lines also have
similar requirement, which are as follows—H1: 2, H2: 2, H3: 2 and H4: 1.

For solving the problem, a repeating production cycle of 3 years is considered,
which is divided into 36 time instants (T = 36), i.e., each time instant is of a
duration of one month. Except the cost coefficients, the problem related other
input parameters are taken from Smäıli et al. [10] and given in Table 1 in terms of
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Table 1. Design and fouling data for the case study (source: Smäıli et al. [10])

Unit Θhinit
i

(oC)

Fh
i

(kg/s)

F f
i

(kg/s)

chi
(kJ/kgK)

cfi
(kJ/kgK)

hclean
it

(W/m2K)

Ai (m2) Ṙf
t×10−7

(m2K/J)

HE-1 194 19.1 95 2.8 1.92 0.5 56.6 0.6

HE-2 296 3.3 95 2.9 1.92 0.5 8.9 0.9

HE-3 197 55.8 95 2.6 1.92 0.5 208.3 0.6

HE-4 170 49.7 95 2.6 1.92 0.5 112.9 0.8

HE-5 237 49.7 95 2.6 1.92 0.5 121.6 0.8

HE-6 285 34.8 95 2.8 2.3 0.5 110.1 1.5

HE-7 205 55.8 95 2.6 2.3 0.5 67.2 1.1

HE-8 254 45.5 95 2.9 2.3 0.5 67.1 1.5

HE-9 249 9.5 46 2.8 2.4 0.5 91.0 1.6

HE-10 286 22.8 46 2.9 2.4 0.5 61.3 1.8

HE-11 334 17.4 46 2.8 2.4 0.5 55.6 1.9

HE-12 249 9.5 46 2.8 2.4 0.5 91.0 1.6

HE-13 286 22.8 46 2.9 2.4 0.5 61.3 1.8

HE-14 334 17.4 46 2.8 2.4 0.5 55.6 1.9

the notations used in the problem formulation in Eqs. (1)–(5). The cleaning cost
coefficient (Ccl) and energy cost coefficient (Cener) are taken from Tian et al. [16],
which are 20000 $ per cleaning instant and 15.5 $ per MWh, respectively. Further,
the initial temperature of the crude oil at any time instant is considered to be
26 oC (Θfinit

t = 26 oC), requiring it to be preheated up to 250 oC (Θfmax = 250 oC)
with a drop of 10 oC in the desalter (Θdesalter = 10 oC).

5.2 Experimental Setup

The considered EA related parameter values are given in Table 2, where a non-
applicable value is marked by (–). Since the performance of a stochastic opti-
mizer is likely to be influenced by the user-defined algorithmic parameter setting,
instead of fixed values, some parameter values in Table 2 are made self-adaptive
within given ranges with an attempt to reduce their influences on the perfor-
mance of an EA. In this process, every time a random value for such a parameter
is generated within its given range. Further, in order to analyze the statistical
performance, 30 number of independent runs of each EA are performed with
different sets of initial individuals (solutions).

5.3 Results and Discussion

With the above problem and algorithm related input information, each of the
EAs are executed for 30 independent runs. For the purpose of illustration, the
best schedule obtained by the brGA is given in Table 3, where ‘1’ in the schedule
means that the particular unit (heat exchanger) is in fully operation at the
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Table 2. User-defined parameter values for the investigated EAs.

Parameter brGA ridDE ridPSO

Population size 100 100 100

Maximum number of generations performed 7000 7000 7000

Crossover probability 90% (0, 90%] –

Distribution index for SBX operator 20 – –

Mutation probability (0, 1%] – –

Distribution index for polynomial mutation operator 35 – –

Mutation probability (for binary variables only) – (0, 15%] (0, 15%]

Scaling factor (for real variables only) – (0, 70%] –

Inertia constant (for real variables only) – – (0, 0.75]

Cognitive factor (for real variables only) – – (0, 1.5]

Social factor (for real variables only) – – (0, 2]

Number of runs 30 30 30

Table 3. The best schedule of the case study obtained by the brGA.

Time
instant

Schedule Number of
operating
units

Time
instant

Schedule Number of
operating
units

1 01111101111111 12 19 11111110111111 13

2 11111111111110 13 20 11111111111011 13

3 11111111111101 13 21 11110111011111 12

4 11101111011111 12 22 11111110110111 12

5 01111111110111 12 23 11111101111111 13

6 11111111111111 14 24 11111111111111 14

7 11011111101111 12 25 11111011011111 12

8 11111111101111 13 26 11111111111111 14

9 11110111011111 12 27 11111111011111 13

10 11111111101111 13 28 11111111111111 14

11 11111110011111 12 29 11111111111110 13

12 11111011101111 12 30 11110111111111 13

13 11011111101111 12 31 11111111101011 12

14 11101111111011 12 32 11101111111111 13

15 11111110111111 13 33 11111111110111 13

16 11111111101111 13 34 11111111111111 14

17 11111111111101 13 35 11111111111111 14

18 11110111101111 12 36 10111111101111 12
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Fig. 2. Total cost over 30 runs and crude outlet temperatures over different time
instants of a random run.

corresponding time instant, while ‘0’ means it was partially shutdown during
which period the unit may go through cleaning also. The schedule shows that no
two units are cleaned at two consecutive time instants and each unit is cleaned
at least once in the entire production cycle.

Table 4. Statistical analysis of the overall cost over 30 independent runs of the EAs.

EA Overall cost (in $)

Best Worst Mean Standard deviation

brGA 477150 582772 526507 31555

ridDE 534629 662064 576553 26633

ridPSO 733464 912245 815510 46860

Table 5. The t-test values for the solutions of the EAs at a significance level of 5%.

EA brGA-vs-ridDE brGA-vs-ridPSO ridDE-vs-ridPSO

t-value −6.64 −28.02 −24.28

The overall costs, i.e., the values of the objective function expressed by
Eq. (1), obtained from 30 runs of each of the EAs are visualized in Fig. 2(a),
where it is observed that the lowest cost could be obtained by the brGA among
the three EAs. Further, the obtained crude oil outlet temperatures from the
heat exchanger network at different time instants of a random run are shown
in Fig. 2(b), where the outlet temperatures obtained from the brGA are found
to be almost close to the required maximum furnace temperature, while those
obtained from the ridPSO are found to be the worst ones.

For further detail of the performances of the EAs, a statistical analysis of the
overall costs (best, worst, mean, and standard deviation) over 30 independent
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runs of the EAs is performed and the obtained results are presented in Table 4.
It is seen in Table 4 that the brGA has better objective values (best, worst as
well as mean), followed by those of the ridDE. However, the ridDE has better
standard deviation than those of the brGA and ridPSO. Therefore, finally the
EAs are statistically compared by conducting pair-wise t-test between the mean
objective value and standard deviation at a significance level of 5%. The obtained
t values are given in Table 5, by marking a value with a ‘-ve’ sign if the second
EA in a pair is not better than the first one. Accordingly, it can be concluded
that the brGA outperforms the ridDE and ridPSO, and the ridDE outperforms
the ridPSO.

6 Conclusion

A typical crude oil preheating process arising in refineries is formulated as a
constrained mixed-integer nonlinear programming (MINLP) problem for mini-
mizing total of the cost of additional energy requirement and the cost for cleaning
the heat exchangers of the process. It involves two separate optimization sub-
problems, the integer valued scheduling of the heat exchangers and the real val-
ued heating levels in the operational heat exchangers. Such problems are usually
handled by two separate algorithms, one for the integer part and another for the
real part. The potentiality of thee mixed-binary evolutionary algorithms (EAs),
namely genetic algorithm (GA), differential evolution (DE) and particle swarm
optimization (PSO), are investigated here for handling both the parts of the
problem by a single EA. From statistical analysis of the results for a benchmark
problem, the GA is found outperforming both the DE and PSO, followed by the
DE outperforming the PSO.
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Females are generally more prone of falling down from bicycles. Although bicycle is
being analyzed on different aspects over the years, the exact science behind that
instability is not yet known. Analyzing the seating arrangement in a bicycle and the
nature of riding it, the present work explores the technical reasons behind the lower
stability of female bicyclists on sudden braking, and subsequently proposes a scientific
solution to the problem. The solution is an additional mechanism, fixed under the saddle
arrangement without interfering the existing design of a bicycle, which tilts the saddle
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Abstract

Science behind riding a bicycle is still not well known, particularly how the bicycle
remains in an upright position during riding. The stability of the bicycle gets reduced
gradually with decreasing speed, and finally it falls down below a particular low speed or
when it is at rest. It is observed that female, inexperienced, and aged riders are generally
more prone to fall down from bicycles at low speed. But such issues are not yet addressed
in literature. Hence, performing a systematic analysis of stability, the present study first
focuses on exploring the technical reasons behind the instability of a bicycle at a low
speed, and then to propose a technical solution for improving the stability of the bicycle.
The solution is an additional mechanism, attached on the frame of a bicycle without
interfering the existing design of the bicycle, which automatically turns back the front
wheel in the vertical plane of the bicycle so as to help the rider to balance the bicycle,
particularly at a low speed when the front wheel gets turned largely from the vertical
plane of the bicycle upon pedaling.
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ABSTRACT  
The present work focuses on solving differentially heated top lid driven T shaped cavity for three different 

velocities which experiences mixed convection using lattice Boltzmann method. The behavior of streamlines, 

isotherms and entropy generation maps are extensively studied taking three fluids namely air (Pr=0.71), 

ammonia (Pr=1.38) and water (Pr=6.13) for three different cases of Ri=0.1, Ri=1 and Ri=10. Richardson 

number and Prandtl number were found to be greatly influential on the fluid flow and heat diffusion inside the 

cavity. It was found that increasing Prandtl number increases the average Nusselt number while increasing the 

Richardson number decreases the average Nusselt number. The entropy generation was seen to be more 

concentrated at a few locations near the wall since the entropy generation due to temperature difference is more 

prominent than the entropy generation due to viscous dissipation.  
 
Keywords: Mixed convection, Lattice Boltzmann Cavity, T shaped Cavity, Entropy generation 

 

1.  INTRODUCTION 
 

Due to its tremendous application in 

practical world, study on mixed convection 

with lid-driven flows in enclosures has been 

on demand for more than a couple of decades 

now. It has been extensively explored for 

designing solar collectors, cooling of 

electronic devices, air conditioning vents and 

ducts, drying technologies etc. A literature 

review on the subject shows that cavity shape 
is a pertinent parameter of the analysis of 

mixed convection. An in-depth analysis on 

fluid flow and heat transfer in square and 

rectangular cavities driven by shear and 

buoyancy has been done. However, a dearth is 

observed in the study of T-shaped cavity.  
Hatami et al. [1] studied mixed convection 

heat transfer of nano fluids in a T-shaped lid-

driven porous cavity. They revealed the 

significant effects of shape and dimensions of 

the T-shaped cavity on the heat transfer 

efficiency and Nusselt number and optimized 

the geometry of T-shaped cavity for studying 

the effect of the constant coefficients (such as 

Re, Ri and Pr etc.) on the Nu, isotherm and 

streamlines in the cavity. A study on natural 

convection in an inclined T-shaped cavity was 

reported by Rouijaa et al. [2]. They found that 

increase of inclination angle was not favorable 

for heat transfer augmentation. Similar type of 

work was done by Amraqui et al.[3] 

considering radiation effect inside a T-shape 

cavity. Their investigation concluded that 

increment of Ra number enhanced heat 

transfer rate. Mojumder et al [4] studied the 

combined effect of Re and Gr on mixed 

convection in a lid driven T-shaped cavity. 

They found that higher Re strengthens overall 

flow inside the cavity. It also produces a 

stronger and larger buoyancy-driven vortex. 

Increased Gr number results in higher Nu 

along the wall. Roy et al. [5] examined 

entropy generation during mixed convection 

within the lid driven square cavity for various 
thermal boundary conditions. According to the 

best knowledge, entropy generation due to 

mixed convection in lid-driven T-shaped 

cavity has not been analyzed yet by anyone 

else with the constraints and conditions 

presented in this paper. 
 
2.  PROBLEM FORMULATION 
 

Differentially heated T shaped cavity as 
shown in figure 1 is taken for the present 
study. The top lid of the cavity is considered 

to be moving with velocity UL. The problem is 

solved for three different fluids viz air 
(Pr=0.71), Ammonia (Pr=1.38) and Water 
(Pr=6.13) for three different cases of Ri = 0.1, 
Ri=1 and Ri=10. 
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Fig. 1: Differentially heated T shaped cavity 

with moving top lid 
 

3. METHODOLOGY AND 

VALIDATION 
 

3.1 Numerical Procedure  
Lattice Boltzmann method has been applied 

for numerical solution of the problem. The 
cavity has been divided into fine nodes and 

D2Q9 model has been applied for the transfer 
of the information between the nodes. Full 

way bounce back boundary condition has been 
applied for solving the problem. 
 

The fully discretized Boltzmann equation 

with the BGK collision operator (eqn 1) 
replaces Navier–Stokes equation in CFD 

calculations. The value of τ directly 
determines the transport coefficients such as 

viscosity and heat diffusivity. 
 


  
 

 
For natural convection, the momentum and 

energy equations are coupled, both should be 

updated simultaneously. The flow is driven by 
temperature or density gradient, i.e., buoyancy 
force. Hence, there is an extra force term 
needed to be considered in solving Lattice 
Boltzmann equation. For natural convection, 
the Bousinessq approximation reads, 

F   g (T Tref ) (2) 

Here we calculate the term gβ by the 

Rayleigh number definition as shown in eqn 3 

and 4. 

3g TH
Ra






 

 

(3) 

3

*Ra
g

TH


 

  
(4) 

In Lattice Boltzmann method LB equation 

with the force term becomes 

     , , eq

i i i i i

t
f x c t t t f x t f fi F




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Where, 

Fi   3w( k )g ey                      (6) 
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hot cold

T T

T T






 

 

                     (7) 

 
The local volumetric rate of entropy 
generation, Sgen (W/m

3
K), is given as follows 

22

2gen

k dT dT
S

T dx dy
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du dv du dv

T dx dy dy dx

       
                 

 (8) 

 
3.2 Code validation  
Differentially heated cavity is taken as a 

benchmark solution for testing the present 
code. The problem is based on a square cavity 

filled with air (Pr = 0.71). The results for 

streamlines and isotherms have been 
compared with the results obtained by Dixit et. 

al [6] and for entropy generation with 
Magheribi et. al [7]. Figure 2, figure 3 and 

figure 4 shows that the results obtained are in 
agreement with results obtained previously. 
 
Table 1: Average  Nusselt number comparision 

Rayleigh 

Number 
Grid size 

Nuavg 

(Current 

work) 

Nuavg 

(Previous 

work [6]) 

10
3
 64 X 64 1.126 1.121 

10
4
 64 X 64 2.291 2.286 

10
5
 256 X 256 4.547 4.546 

 
 
 
 
 
 
 
 
 

 

       

 

     (a)                                      (b) 

 

Fig. 2: Isotherms for Ra=10
5
 (a) result [6] (b) 

present work 

 

 

 

     

 
(1) 
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     (a)                                      (b) 

Fig. 3: Streamlines for Ra=10
5
(a) result [6] (b) 

present work 

 

 
(a)                                      (b) 

Fig. 4: Entropy generation for Ra=10
5
(a) result 

[7] (b) present work 

 

4. RESULTS AND DISSCUSSION 

 
4.1 Streamlines inside the cavity 

It can be seen from figure 5 that as we 

decrease the Richardson number the vortices 

inside the lid increases. It is perceived that for 

Ri=10, there was only one major vortex and 

the effect of the lid movement on the lower 

half of the T shaped duct was not very 

proficient. As we decrease the Ri to 1 a second 

vortex with opposite rotational effect develops 

inside the lower half of the T shaped duct and 

a small secondary vortex on the bottom left 

corner of the top half of the T duct. As we 

decrease the Ri, these secondary and tertiary 

vortices grow further. It is seen from the 

streamlines that the center of the primary 

vortex shifts towards the right of the cavity by 

increasing the value of Pr. It can be attributed 

to the fact that when the Pr of the fluid is 

increased the value of viscosity also increases. 

It is seen that by increasing the Pr for lower Ri 

=0.1 value the tertiary vortex near the bottom 

left corner of the top half becomes further 

developed. It can be seen that for the same Ri 

value the thinning of boundary layer occurs 

with an increase in Ra (Gr*Pr) resulting in 

steeper velocity and temperature gradients.

  
 
 
 
 
 
 
 
 
 
 
 

(a) Air  
 
 
 
 
 
 
 
 
 
 

 

(b) Ammonia 
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(c) Water 

 

Fig. 5: Streamlines for Ri=0.1, Ri=1, Ri=10 

 

4.2 Isotherms inside the cavity 
 

The thermal effect of increasing the Ri can 
been seen in figure 6. Due to the formation of 

secondary and tertiary eddies in case of 
Ri=0.1, the isotherm are clustered in the top 

left half of the cavity and the bottom left half 
of the cavity. Since in cases of Ri=1 and Ri=10 

the top lid velocity has lesser effect on the 
cavity, the isotherms can be seen moving 

towards the top right side of the cavity. 
Thermal gradient increases as Pr increases and 

the isothermal lines become denser at the 
walls. For high Pr, the isotherms disappear 

from the center of the cavity. This is due to 

confining the thermal boundary layer in a 
small region for highly viscous fluid. These 

lines become more concentrated from the Ri= 
0.1 to Ri=10.

  
 
 
 
 
 
 
 
 
 

 

(a) Air  
 
 
 
 
 
 
 
 
 
 

 

(b) Ammonia 

  
 
 
 
 
 
 
 
 
 
 

(c) Water 

 

Fig. 6: Isotherms for Ri=0.1, Ri=1, Ri=1 
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4.3 Entropy generation inside the cavity  
Figure 7 shows the effect of variable Ri and Pr 

on the local Sgen inside the cavity. For Ri=0.1 

it is seen that greater entropy is generated on 

the top upstream side of the cavity than on the 

left side. This can be attributed to the 

formation of the large secondary and tertiary 

vortices and the concentration of the isotherms 

on the upper left side of the cavity in case of 

Ri=0.1. It is also seen that for higher Pr the 

Sgen is higher especially in the region nearer to 

the wall. It is attributed to increasing of the Ra 

as we increase the Pr. It is also seen that for 

higher Ri the Sgen is higher in the bottom left 

part and the upper left part of the cavity, this 

feature can be explained by the clustering of 

the isotherms in the these parts. It is also seen 

that there is entropy generation in right part of 

the bottom half of the cavity and this entropy 

disappears for Ri=10 which can be attributed 

to the disappearance of the secondary eddy in 

case of Ri=10.

 
 
 
 
 
 
 
 
 

(a) Air        
 
 
 
 
 
 
 
 
 

 

(b)  Ammonia  
 
 
 
 
 
 
 
 
 
 

 

(c) Water 

Fig. 7: Entropy Generation for Ri=0.1, Ri=1, Ri=10

 

4.4 Average Entropy generation 

The Sgen inside the cavity increases by 
increasing Pr as shown in Figure 8. This 

increase in Sgen is because of increasing 
thermal gradient with increasing value of Pr.  

Therefore, it is possible to reduce the Sgen 

number using a low Pr fluid. It is also seen that 

the average entropy generation decreases with 

the increase in Ri as the degree of randomness  
 

 

 

 
 

Fig. 8: Average entropy generation to the  
Richardson number 
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expected with high velocity flow is greater 

than the lower velocity flow. 

 

4.5 Average Nusselt number  
The average Nusselt number for different 
fluids, at the heated wall and cold wall against 

the different Richardson number (0.1, 1 and 
10) are displayed in the figures (9 and 10) 

below. It is seen that for increasing Prandtl 
number the average Nusselt number values 

increase significantly. It is because for lower 
Pr the heat diffuses quickly. It is also seen that 

the average Nu is higher for the cold side than 

the hot side in case when Ri=1and Ri=10 but 
in case of Ri=0.1, it is seen that the Nu in the 

hot side of the plate is higher than the cold 
side. It can be attributed to the formation of 

the secondary vortex near the hot side of the 
wall due to mixing takes place and convection 

becomes more dominant as compared to the 
other cases. It is also seen that when the Ri 

increases the Nu decreases. It is due to the 
fact that with increase in Ri in both cases of 

the hot side of the cavity and the cold side of 
the cavity the effect of forced convection 

slowly decreases and the fluid mixing 
becomes less. 

       

 
 

Fig. 9: Variation of average Nu (hot side) to 

the Richardson number 

 

 
 

Fig. 10 Variation of average Nu (cold side) 

to the Richardson number 

 

 

5. CONCLUSIONS 

 
The present study can be concluded with the 

following points: 
 

i) It can be seen that for the same Ri 

number value especially in case of higher Re 

the thinning of boundary layer occurs with 

an increase in Pr resulting in steeper velocity 
and temperature gradients. It is attributed to 

the fact that when we increases the Pr value 

for the same Gr value, the Ra number 

increases and as a result the convection of 

the fluid increases.  
ii) When the Ri increases the entropy 

generation increases. When the Ri number 
changes from Ri=0.1 to Ri=1 the entropy 
generation increases by 5 percent.  

iii) When the Pr increases from Ri= 1 to 

Ri= 10, entropy generation increases by 95 
percent. The entropy generation inside the 

cavity increases by increasing Pr. This 
increase in entropy generation is because of 

increasing thermal gradient with increasing 
value of Pr. Therefore, it is possible to 

reduce the entropy generation number using 
a low Pr fluid.  

iv) It is seen that cooling will be best at 
Ri= 1, since the Nusselt number is 
maximum at this value and the entropy 
generation is low.  

v) When the Richardson number 
increases the Nusselt number decreases it is 

due to the fact that with increase in 
Richardson number, the effect of forced 

convection slowly decreases and as a result 
the fluid mixing also decreases. However at 

Ri=1 the Nusselt number in the cold side is 
found to be highest 
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NOMENCLATURE 
 

a Length of specimen (m) 

c          Lattice Velocity (m/s)  
  F         Force (N) 

  g         Acceleration due to gravity (m/s
2
)  

Gr Grasshof number 
Nu Nusselt Number (dimensionless)  
Pr Prandtl Number (dimensionless) 

Ra Rayleigh Number (dimensionless) 

Re Reynolds Number (dimensionless) 
Ri Richardson Number (dimensionless)  
S Entropy (J/K) 

T Temperature (K) 

Thot Temperature of hot plate (K) 
u X directional velocity of fluid (m/s) 

v Y directional velocity of fluid (m/s  
w Weight function (dimensionless) 

 
Greek Symbols 
 Thermal diffusivity (m

2
/s) 

 Coefficient of thermal expansion (1/K) 
 Density (kg/m

3
) 

 Dynamic viscosity (kg/ms) 

 Relaxation time (dimensionless) 

 Irreversibility (dimensionless)
 

Ω BGK collision operator (dimensionless) 
 

Superscripts 
(eq) Equilibrium state  
Subscripts 
avg Average 
gen Generation 

i Lattice index 
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Chapter 30 

Optimization of Cutting 
Parameters for AISI H13 Tool 

Steel by Taguchi Method annd 

Artificial Neural Network 

Hrishikesh Pathak Rakesh Doley 

Tezpur University, India 
Tezpur University, India 

Satadru Kashyap Sanghamitra Das 

Tezpur University, India Tezpur University, India 

ABSTRACT 

In the present study an attempt has been made to investigate the effect of cutting parameters (cutting 

speed, feed rate, and depth of cut) on surface roughness and material removal rate (MRR) during dry 

turning operation of AISI H13 tool steel as per Tuguchi's experimental design technique using an L9 

orthogonal array. Signal to noise ratio (S/N) results and Analysis of Variance (ANOVA) were employed in 

order to investigate the optimal and significant cutting characteristics ofH13 tool steel respectively. This 

paper focuses on optimizing the cutting parameters for minimum surface roughness and maximum MRR 

of H13 tool steel using high speed steel (HSS) as the cutting tool during turning. The results indicated 

that feed has a significant infiuence on surface finish and depth of cut on MRR when turning operation 
was carried out with HSS cutting tool. An artifcial neural network model and regression equations were 

also developed to obtain minimum surface roughness and maximum MRR at diferent cutting conditions.

INTRODUCTION

Surface finish is a major factor in the functional performance of machined components. The main aim in 

today's manufacturing industry is to enhance production efficiency and safety of the products. Product 

quality and production efficiency can be obtained through lower surface roughness and higher material 

removal rate while machining. Thus, it is very important to identify the factors affecting surface quality. 

Among these factors machining cunditions play the most significant role. 
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Development of Various Industrial Lime 

Sludge Waste-Filled Hybrid Polymeric 
Composites for Environmental 

Sustainability 

Satadru Kashyap and Dilip Datta 

Abstract A potentially hazardous industrial waste material in our society is lime 

sludge which is sourced mainly from various industries (fertilizer, paper, sugar and 

soda ash) and generally disposed off in dumpyards or used in unauthorized land fill- 

ing-both causing pollution. Hence, an alternative idea of environmental sustainabil- 

ity is by reusing lime sludge as reinforcing agent in polymeric composites. In this line 

of thought, lime sludge waste is used as filler in HDPE and epoxy matrices in order 

to investigate the effects of lime sludge on its composite properties. This would ulti- 

mately. throw light on the feasibility and commercial viability of lime sludge reuse 

in polymeric composites. Mechanical properties of HDPE composites are studied 

with maleic anhydride-grafted polyethylene (MAPE) as compatibilizer for effective 

adhesion at the filler/matrix boundary. Lime sludge waste was also used as filler in 

conjunction with randomly dispersed short coir fibre reinforced HDPE composites 

along with 5 wt% MAPE as compatibilizer. It is observed the properties such as 

fiexural strength and mechanical rigidity (tensile and flexural) of the lime sludge 
infused composites improved with filler addition. The tensile strength increased up 

to 20 wt% filler addition due to effective reinforcement; however, beyond that the 

tensile strength decreased due to particle agglomeration. Additionally, lime sludge 

is used as filler in short and long coir fibre added epoxy composites. It is found that 

lime sludge content of 6 wt% results in superior tensile strength in coir fibre rein- 
forced epoxy composites. In general, lime sludge is found to improve the bending 
strength and mechanical rigidity (tensile and flexural modulus) with increasing filler 
weight fraction. Thus, the reuse of lime sludge filler in polymeric composites not 

only results in the enhancement of various mechanical properties, but also reduces

pollution. decreases the cost of the composites and improves the commercial viability 

of lime sludge waste 

S. Kashyap()D. Datta 
Department of Mechanical Engineering, Tezpur University, Napaam 784028, Assam, India 

c-mail: satadru@tezu.ernet.in 
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