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Abstract

We obtain the rates of pointwise and uniform convergence of multivariate kernel density
estimators using a random bandwidth vector obtained by some data based algorithm. We are
able to obtain faster rate for pointwise convergence. The uniform convergence rate is obtained
under some moment condition on the marginal distribution. The rates are obtained under i.i.d.
and strongly mixing type dependence assumptions.
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1 INTRODUCTION

Let X, ..., X, be R valued random variables with density /. A kernel density estimator (KDE)

with bandwidth vector 4 = (A, ..., hy) is defined as

Frn(x) = ;Zn:K(x _hX) = %Z”:gx_;g(h), (1.1)
i=1

d
nllio hj i=1

where x = (xi,...,x;) € R? and K is a density function on RY, X; = (X;;, Xp», ..., Xis) and

1 z 1 Z1 Z4 d
(h) = K(—): K(Z, 2 forz= Gz, z0) € RY.
From Scott (1992) we see that under i.i.d. assumption the optimal values of 4, ..., 4, in terms of

minimizing the MISE are of the order O(n~!/¢#+9),

The asymptotic properties of the KDE has been widely studied for nonrandom /4. See for instance
Rao (1983) for a detailed review. However, a practical problem in density estimation is to deter-
mine the appropriate values of 4y, &, ..., hy based on X7, X, ..., X,. Sain et al. (1994) discussed a
number of algorithms, such as the least squares or the unbiased cross validation (UCV), the biased
cross validation (BCV) and the smooth bootstrap bandwidth selector (SCV) for data based choice
of 4. Duong and Hazelton (2005) and Dutta (2011) have proposed other methods of choosing the
bandwidth vector /# based on the given data. Let h = (I%, e, ﬁd) be a bandwidth vector obtained
by any one of these bandwidth selectors. Such a / is a random vector, i.e. a R valued function of
Xi,...,X,. A natural problem is to investigate the asymptotic properties of the resulting estimator
fn’,;. Obtaining properties of such an estimator can be much more challenging than the estimator

based on non random 4. For instance, it is very difficult to compute the expectation of £ mﬁ] and

hence the bias.

For univariate data, Dutta and Goswami (2013) have studied the convergence of the KDE using a
random bandwidth. Far less seems to be known for multivariate KDE using a random bandwidth

vector. Under the assumption that #; = 4, = --- = hy, Tenreiro (2001) established the convergence
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rates of the L, error of these estimators for a wide range of random bandwidths (we are thankful
to the reviewer for this reference). Dutta and Saha (2013) studied the L, consistency of the mul-
tivariate KDE for a broad class of random bandwidth vectors. Under similar assumptions on the
bandwidth vector 7, in this paper we study the pointwise and sup-norm convergence of such esti-
mators with increase in sample size. In particular we obtain the rates at which P(| f,,j,(x)— f(x)| > e
and P(| fnﬁ — fll > €) converges to zero, where € > 0. These rates extend the results in Dutta and
Goswami (2013) for multivariate KDE and hold for a wide variety of bandwidth selectors discussed

in Sain et al. (1994), Duong and Hazelton (2005), Dutta and Saha (2013).

1.1 Notation and Assumptions.

Let us define some notation which are used in the sequel. For any function g of d variables, let
d,g denote the partial derivative of g with respect to the jth variable, j = 1,...,d. For x € RY,
||x]| denotes its Eucledian norm and for any real valued function £, || f]| denotes its sup-norm. For
any event 4, /(A4) denotes a binary valued random variable such that /(4)(w) = 1 for w € 4 and
1(A)(w) = 0 otherwise.

Let
d
I, = n[ajn‘”(‘”d), by V@), (1.2)
=1
where a; < b;, j =1,...,d, are arbitrary positive constants. Let us state the assumptions on the
kernel K and density f.

Assumption 1: The kernel X is a differentiable density in RY satisfying the following conditions
(1)
1K1, 10;K1l, sup |x,0,K(x)| < oo for j=1,....d,

x€Rd
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(i)
sup ||x||“’K(x) < co where x = (x1, ..., Xy).
xeR4

Assumption 2: ||f]| < oo and ||0;f]| < o fori=1,...,d.

Assumption 3: There exists y > 0 such that [, [|xIP” f(x)dx < oo.

Assumption 4: f;, jth marginal density, is strictly positive on some open neighbourhood of Q;;

and O35, j=1,...,d.

2 MAIN RESULTS

2.1 LLD. case

Theorem 1. Let {X,},>, be i.i.d. R? valued random variables with density f, satisfying Assumption
2. Let K be a kernel satisfying Assumption 1(i) and let h € I,. Then for every € > 0 there exists

C > 0 such that, as n — o
P(l.};‘;’l,]:l(x) - f(x)l > 6) = O (ndz/(d+4) exp(_cn4/(4+d))) .

Theorem 2. Let {X,},s1 be i.i.d. RY valued random variables with density f. Let hel, Then for

every € > 0 there exists C' > 0 such that, under Assumptions 1 — 3, as n — oo
P(”f h— f” > 6) = O(n[d+d2(2+l/y)]/(d+4) eXp(_C/n4/(4+d)))
" b

where C' > 0 and vy is a positive constant as defined in Assumption 3.

The proof of Theorems 1 and 2 are direct consequences of Lemma 4 which is stated and proved in

Section 3.1. Using Borel-Cantelli Lemma and Theorem 2 we get the following Corollary.

Corollary 1. Let {X,},> be i.i.d. R? valued random variables with density f. Under Assumptions

1 =3, 1I7,5 = /Il = o(1) completely as n — .

ACCEPTED MANUSCRIPT
4



ACCEPTED MANUSCRIPT

The coefficients a;, b;, j =1,...,d, in I, can also be specified as functions of X, X5, ..., X,. For

example, Dutta and Saha (2013) suggested to search for / in the interval

d
[evmin™ /D, i+, 2.1
Jj=1

where 0 < ¢;; < ¢;; and n,=0y-01,/=1..., d, and 01, 05 be the 1st and the 3rd sample
quartiles based on X}, ..., X,;. Xj; denotes the jth component of the vector X;, j = 1,---,d. The
role and importance of 77; are discussed in detail in Dutta and Goswami (2013). See for instance the
introduction and final remark number 5 in Dutta and Goswami (2013). From Dutta and Goswami
(2013) we see that if the coefficients a;, b;, j = 1,...,d, are random, their convergence rates effect

the rate of point wise and uniform convergence of the density estimator.

In the next Theorem we extend the results in Theorems 1 and 2 to the case where a;, b;, j =

1,...,d are functions of X1, ..., X, satisfying certain conditions.
Theorem 3. Let {X,},> be i.i.d. RY valued random variables with density f. Let

d
Hn = l_[[anjn_l/(4+d)’ bnjn_l/(4+d)]’
j=1
where 0 < a,; < b,;, j=1,...,d, are functions of X1, ..., X,; such that P(la,; — a;| > €) = O(¥,.¢)

and P(|b,; — bj| > €) = O(r,(), where a;, b;, j=1,...,d, are positive constants andr, . = o(1) as

n — oo. Let h € H,. Then under Assumptions 1 — 3, as n — oo

(P f,j(x) = f(X) > €) = 0(,%6 + ) exp(_cn4/(4+d))) ,

(”)P(”f:;j; _ ﬂ' > 6.) — O(Fn,e + n[d+d2(2+l/y)]/(d+4) eXp(_Cln4/(4+d))) ,

where C, C’' > 0.

In particular if we use a; = ¢1;17;, b; = ¢o;17;, as suggested by Dutta and Saha (2013), we have the

following result (at the expense of one more assumption, viz. Assumption 4).
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Corollary 2. Under the Assumptions 1 — 4, and assuming h € H, we see that as as n — o

(I)P(lf;l}"l()C) — f(x)l > 6) — O(ndz/(d+4) exp(_cn4/(4+d))) ,

(ii)P(”fn,iz —fll>e€) = O(n[d+d2(2+1/7)]/(d+4) exp(—C’n4/(4+d))).

The above corollary follows from the following inequality in page 74 of Serfling (1980)

P(101; = Oyl > n;/4), P03, — O3, > n;/4) < exp(-2n6%), j=1,....d,

where § = min{6y, ..., 84}, 67 = min{6?, 63}, and 61; = min{F(Q7,+n:/4)—1/4, 1/4A—F(O;,—n:/4)}
and 6y; = min{Fi(Q5, +1:/4) —3/4, 3/4 - Fi(Q;; —1n:/4)}, where Fj is the i-th marginal cumulative
distribution function. Under Assumption 4, § is a positive constant. Clearly ¢ is free of €. This

ensures that 7, . goes to zero at at exponential rate (which does not depend on €).

Remark 1. (i) The Theorems I and 2 are obtained under the assumption h € I,. Therefore it is
natural to question whether such an assumption is very artificial and restrictive? A number of well
known bandwidth selectors such as the unbiased, the biased, and the smoothed cross validation
and the different versions of the smooth bootstrap based bandwidth selectors in Sain et al. (1994)
and Dutta (2011) involve optimization of some criterion (say F,) which is a continuous function
of hy, ..., hy. Even the multivariate plug-in bandwidth selection rule proposed by Wand and Jones

(1994) involve optimization of the asymptotic mean integrated squared error(AMISE), where the

unknowns are replaced by kernel based estimates, with respect to the bandwidths hy, ..., hy.
Let h denote the bandwidth vector that optimizes the bandwidth selection criterion F,(h, - - - , hy).
If we optimize the bandwidth selection criterion F(hy, ..., ha) on (0,0)", the optimum h may not

be attained. Therefore it is natural to optimize the bandwidth selection criterion on some compact
set, for example I, or H,. In that case, the resulting random bandwidth vector h will automatically
satisfy the condition h € I, or h € H,. Therefore one can ensure that a wide variety of the above

mentioned random bandwidth vectors satisfy the assumption h € I, or H, simply by optimizing the
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bandwidth selection criterion on I, or H,,.

Moreover the assumption that he 1, or H, is not very restrictive. For d = 1, I, covers a wide
range of bandwidths (see Dutta and Goswami (2013)). The simulation and real data analysis in
Dutta and Saha (2013) also suggest that even for d > 2, the cross validation bandwidth restricted

to H, compares well with the usual unconstrained cross validation bandwidth vector.

(ii) The esteemed reviewer pointed out that the data-based cross validation selectors are known
to be of the order nV'4*9_ But their coefficients are unknown. Therefore is it possible to ensure
that the unconstrained cross validation bandwidth satisfies the condition h € I, at least for large

sample size?

Under the constraint hy = hy, = -+ = hy = h, Sain et al. (1994) showed that as n — o,
n @IS _ poy converges in law to Z, which follows normal distribution with mean zero and
finite variance (see their proposition in Page 810). Where h is the cross validation bandwidth
obtained under the assumption hy = hy = --- = hy = h. hy is the optimal bandwidth minimizing the
asymptotic mean integrated squared error, and hy equals some constant times n~"/""*®_ This result

implies that for any open interval (a, b), b > a > 0,

lim P(a < n 2/ (h - hy) < b) = P(a< Z < b).

n—oo

Since hy is a multiple of n™"/“"*9, we can assume = < hy < &= for some 0 < ¢ < d. Then

lim P

n—oo

( c a 5 d b

1l /(d+4) + 11 (2d+8) << l/(d+4) + nd/(2d+8)) > Pla<Z<Db).

The above result ensures that for any 0 < n < 1, there exists 0 < ¢’ < d’ and an positive integer N

(depending on n) such that

nl/d+4) > nl/d+4)

P(ize[ ¢ d

)Zn,\v’n>N,

Consequently for large n there is high probability that the cross validation bandwidth h € [m, %]
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(iii) The range of bandwidths I, can be further widened to ]‘[?’:l [W’ %], where 0 < ¢ <
1/(4+d), to accommodate more values of h especially the multiples of n™""**9_ In that case, under

Assumptions 1 — 4, we get that for h € I,

P( fn W)= f@l> e = O(n(2d2+2d)/(d+4) exp (_Cn4/(4+d)—d§ 62))

and P(”J}n,;} —fll>e = O(n[4d+d2(4+2/y)]/(d+4) exp (_Cln4/(4+d)—d662)) ,

where C, C' is positive constant. For d = 1, the above rates are same as those obtained by Dutta

and Goswami (2013) in their final remark 3.

The reviewer rightly pointed out that a random bandwidth obtained by optimizing the selection
criterion on I, or H, can be different from a bandwidth obtained by unconstrained optimization. If
the range of bandwidths is widened to (0, ), the extension of our theoretical results appear to

be quite challenging. We leave this problem for further research.

2.2 strongly mixing case

A stationary process {X,},cz is a strong mixing process, with mixing coefficient , if

a(n) = supsup{|P(4 N B) — P(A)P(B)| : A € M},

t+n>

Be M.} 10, asn— o,

where M’ and M}, denote o-fields generated by {X;, / < ¢} and by {X},/ > ¢ + n} respectively.
Under very general dependence assumptions (that includes strong mixing condition), Lardjane
(2007) has shown that the MSE of a KDE goes to zero at the rate similar (up to a logarithm) to the
rate of convergence of the MSE under i.i.d.assumptions for 4, = 4, = - -- = h, equal to a multiple
of (logn/n)"/@*¥ (see page 213, Lardjane (2007)). Therefore under strongly mixing dependence

assumption, we search for the appropriate value of the random bandwidth vector / in the following
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d-dimensional rectangle.

I = [aj {logn/n)""“* b, {logn/n}l/(4+d)],

.:&

J=1

where 0 < a; < b;, j=1,...,d, are arbitrary constants.

Theorem 4. Let {X,},>1 be a d-dimensional strongly mixing process with marginal density f and
Assumptions 1(i) and 2 hold. Also let h € I’ and the mixing coefficient «(n) satisfies a(n) < Dp",

where 0 < p < 1 and D > 0. Then for every € > 0 there exists C > 0, such that as n — oo
P(1/,(x) = f(0)| > €) = O((n/ log )™/ exp (—~Cnt*=/ 419 (1og ny*¥*+))

The right side of the above equation goes to zero for d < 3.

Theorem 5. Let {X,},>1 be a d-dimensional strongly mixing process with marginal density f and

Assumptions 1 — 3 hold. Also let h € I’ and the mixing coefficient a(n) satisfies a(n) < Dp" where

0 <p < 1landD > 0. Then for every € > 0 there exists C' > 0, such that as n — oo

)[d+d2(2+ 1/9)1/(d+4)

P75~ 11> &) = 0(( : exp {~C'n*-/#(log n)zd/“*d)}],

logn

where vy is a positive constant as defined in Assumption 2. The right side of the above equation

goes to zero for d < 3.

The proof of Theorem 4 and Theorem 5 are direct consequences of Lemma 6, stated and proved in

Section 3.1.

Remark 2. (i) Like in i.i.d. case, here also the range of bandwidths I, can be further widened to

d
[ []a; logn/n} "% b, {logn/n)' 07|,

J=1

where 0 < 6 < 1/(4 + d), to accommodate more values of h. In that case, under Assumptions 1 — 3,
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we get that for h € I

2d4%+2d
Td 4
P(U/,3(3¥) = f@)] > €) = O((% exp (~Cn¥24(log n)#+2)
' n
4d+d?(4+2/y)
d+4 ‘
and P(1f,j,~ > €)= O (10;’ exp (—CnE 4 log ny2-24) .
’ n

where C, C’ is positive constant. Observe that if 6 < c 4121)‘12 =, then right hand side of the above

equations go to zero.

(ii) Like in i.i.d. case, one may use data based coefficients a,;, b,;,, j = 1,...,d, in I,. In that
case the convergence rates in Theorems 4 and 5 are replaced by

0] (V,,E + (I’Z/ log n)dz/(d+4) exp (_Cn(4—d)/(4+d)(log n)zd/(4+d)))

and

[d+d*(2+1/y)]/(d+4)
) exp {_C/n(4—d)/(4+d)(log n)2d/(4+d)}

O[rne + ( "
logn
respectively, where P(la,; — a;| > €) = O(r,¢) and P(|b,; — b;| > €) = O(r,¢) and r,e = o(1) as

n — oo, under the stated dependence assumption. 0 <€, a;, b;, j=1,...,d are arbitrary.

In particular, one may use a,; = ey, by = 2155 where 0 < c¢; < ¢y; and n; = Q;J. - Q’{j, j=
1,....d, and Q’l‘j, ng be the st and the 3rd sample quartiles based on X,;, ..., X,;. In that case
the rate of convergence of P (la,, ;= aj;| > e) , P (Ib,, ;i —bjl > e) are determined by the rate of conver-
gence in probability of sample first and third quartiles under the stated dependence assumptions.
Therefore, under Assumptions 1 — 4 and strong mixing dependence assumption stated in Theorem

4, following similar argument given in the proof of Theorem 3 in Section 3.2 and using (3.15) from
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Lemma 7, it is easy to see that

P(1/,(x) = f(0)I > €) = O((n/ log n)™ /@™ exp (—Cnt*= /D (1og ny 1))
)[d+d2(2+1 I/ (d+4)

P(lf ;= Al > € = 0[( exp {~C'n* @D (log ny Y|

logn

3 PROOFS

3.1 Lemmas and their proofs:

Here we state and prove a few lemmas. Lemma 1 and Lemma 2 are used to prove all the theorems
stated in last section. Lemma 3 and Lemma 4 are used to prove Theorems 1, 2 and 3. Lemma 5 and
Lemma 6 are used in the proof of Theorems 4 and 5. In Lemma 7, we derive the rate of convergence
sample quantiles to population quantiles under strongly mixing dependence assumption. This

result is used in Remark 2 (ii).

Lemma 1. Let K be a density in R? such that K]l llz;0; K@)l < oo for j = 1,...,d and z =
(z1s...,24) € R Then given € > 0, there exists C > 0 such that for any two bandwidth vectors
h=(h,....hg)and ' = (W,,....h) in I, = ]—[?zl[ajn_l/(‘”d), bin YD satisfying |h; — B <

— € -
6”_W’ 1= l,...,d,wehave

Fun(X) = o ()| < €/2.

Proof. Under given condition on K, the partial derivatives %, i=1,...,d, exist. Therefore, for

fixed z and any two bandwidth vectors /# and 4" we have

- " dg.(h)
(h) — g (W) = h; —h. dt.
) —0H) = ) ) [ /

h=h'+t(h—h")
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For any bandwidth vector 4 = (hy, ..., hy) € 1,, it is easy to verify that

dg.(h
e y {IIKII + sup |z,.a,.1<(z)|} < CA I i<, d.
ahi hlz lel, 1£i h] —00<z<0

Therefore, under given conditions on K, for any two bandwidth vectors 4, 4" € I, we see that

d
1g:(h) = g(h)] < Cn™VI D " |p — ] G.1)

i=1

The right side of the above inequality is free of z. A direct consequence of (1.1) and (3.1) is that

for any two bandwidth vectors 4, /' € I,

n d
A A 1
() = Fur@)] < = Y |gvn () = geex (W] < Cr@ D@D X 1 — (3.2)
n i=1 i=1

The above inequality (3.2) implies that for any two random bandwidth vectors 4, /" € I, satisfying

Vi = B <6 i=1,....d,

FonX) = fo ()| < dCH@ D@D,

For given € > 0, using 6, = 75w In the right side of the above inequality we get

Fon(X) = fou (¥)| < €/2.

This completes the proof the Lemma. O

Lemma 2. Let K be a density in R? such that ||0,K|| < oo for j = 1,2,...,d. Then given € > 0 and a
bandwidth vector h = (hy, ..., hy), there exists b, > 0 such that for any two vectors x = (X1, ..., Xq)

and X' = (x1,...,x)) satisfying |x; —x;.l <b, j=1,...,d,

Fun(X) = fun(X)| < €/2.
ACCEPTED MANUSCRIPT
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Proof. 1t is easy to see that

. 5 1 . x— X x - X,

-t = s SR+
o) = 1, nn,lhzl p -

1 d |x; —
< n”?lhjzl P ||a Kl < hdHZua KII,
J= J=
where A, = minfh;, ..., h;}. Using b, = % in the right side of the above inequality we get
1

Fun(X) = fun ()| < €/2.

This completes the proof the Lemma. O

Lemma 3. Let X1, ..., X, be i.i.d. random variables with density f, satisfying Assumptions 2 and
3. Furtherleth = (hi, . .., hy) be a bandwidth vector such that h; = o(1), i = 1,...,d andnh? — oo

as n — oo, where h, = min{hy, ..., h;}. Then under Assumption I, as n — co
~ 1 i
P(”fn,h - /1> 6) = O(W exp(—Cnh*)), C>0,

where vy is a positive constant as stated in Assumption 3.

Proof. Let us introduce some notation

Ki = K, Kz = sup [WI'K(x), Ky = 27 f Il £ ().

xeRd

. _r_ d _ d 1 eh. d+1 .
Given € > 0, let R, = [-a,, a,]* where a, = (16K1K4/eh*) and b, = 4—dzd NE It is easy to see
that
P(Ifos = Nl > €) < P(suRp o) = £ > e) ¥ P(sug o) = £ > e), (33)
X€R,, XER,
where R, contains a d-dimensional sphere S, with center 0 = (0, ..., 0) and radius a,. If x is not
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in R,, it is not in S,,. Therefore

P (Sup () = f(0] > 6) < P [Sup () = f(0)] > 6)

xeR§ xesy
= P(lsrp () = f(2)] > 6) G4

Under Assumptions 1 and 2, and the condition #; = o(1), i =1,...,d as n — oo, we get

d
EGo) = 1= Y Illof) [ K.z .. dza = o(0). (3.5)
i=1

Now P( sup If,,,;,(x) - f(x)| > e)

{(x:llxll>an}

< P( sup |f,,,,,(x)|ze/2)+P( sup f(x)ze/4)+P(||E(ﬁ,,h)— Al = €/4)

{x:llxll>an} {x:llxl[>a}

Under Assumption 2, f(x) — 0 as ||x|| — oo and under the stated conditions on #, a, — oo as
n — oo. Therefore for any € > 0, P(SUP{x;||x||>a,,: f(x) > 6/4) is equal to zero for sufficiently large

value of n.

Moreover from (3.5) we see that as n — oo, P (||E (Fon) = fIl = €/ 4) eventually equals zero. There-

fore we see that for every € > 0, there exists N, > 1 such that for every n > N,

P(”sllllp () = ()] > e) < P(HSlllp ()] > e/z)
< P(Sup 1 > K(x_hXi)ZeM]

nllh; .
e P ITA

—x||>a,/2}

1 - X
+P| sup YOKE 24|,
l>a, 7 I1; {211 Xi—x]|<an/2) h

x—X; (max h;)?

[14;
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as n — oo, This follows from the fact that a, — oo as n — co. Also

x—=X; 1 €, 4
< P(— Z Klzzh*]

{i:1Xill>an (2}

P sup

K(
leli>a, 1 TTH; {1 Xi=x]|<an/2)}

) >€/4

Moreover, using Markov inequality and recalling the definition of a,,, we see that

K
P(IXI > a,/2) < ENXI [(a,/2) = a—;‘ = eh?/16K,.

n

Therefore every € > 0, there exists N, > N, such that for every n > N/

7 1
P (Sup fon(x) = JCO1 > e) < Pl- > K=z th)
e (X an2)
1 < eh?
< Pl- Lixysa,2 = —
s n; Xil>a,/2 4K1)
N eh? 1 1
< P - I ||>a, - P X > n 2 Z ol G
< Py 2 Uean = PUKII> an/2)] > TG = 7)

Using inequality (48) in page 187 in Rao (1983), in the right side of the above inequality we get

the following equation

P( sup | fun(x) = f(x)] > 6) = O(exp(—Cln(h*)d)) , asn — oo, (3.6)

Ixl>an

From (3.3), (3.4) and the above equation we get as n — oo,

P(Ilfos = /1 > €) < P(sup fon(x) = f(2)] > e) + O (exp(-Cn(h.)h). C > 0. (3.7)

XER,

We partition R, into k'(n) = (1 + [2a,/b,])? (where [y] is the largest integer not exceeding y)
subintervals {J,; : i = 1,...,k’(n)} each of volume bZ. {Juii=1,...,k(n)} are d-fold product of

the non-overlapping intervals of a partition of [-a,, a,] into sub-intervals of length b,. We see that

P(sup () = ()] > 6) < P( max {lfn,h(yi) — SOl + sup | fun() — fn,h(x)|} > 6) ,

X€R, L<i<k’(n) XE€Jpi

ACCEPTED MANUSCRIPT
15



where y; € J,;, i = 1,...,k'(n). Forx € J,;, i = 1,...,k'(n), x and y; satisfy the conditions of

Lemma 2. Therefore by Lemma 2

fn ) = fon(X) < €/2,9x € Jyii=1,..., K (n).

Therefore
Plswplfus0 s> ¢ < P max (10 - 700} > €12)
k' (n)
< D Py = 1001 > €/2). (3.8)
i=1

Using (3.5), we see that for € > 0 there exists N, such that for

K (n) K (n)

D P(1n) = S0 > €/2) < 3" P(Lun0) = Efus(0)] > €/4).
i=1 i=1

Now using inequality (27) in the proof of Theorem 3.1.5. in Rao (1983), we get that as n — oo

P(1/ui() = EUnn(0)]l > €/4) = O(exp(~Cnhl€®). (3.9)

Therefore as n — oo,

P(sup on(x) = f(2)] > e) = O(K () exp(-Canf)), C; > 0.

xeR,

Substituting the above equation in the right side of (3.7) we getas n — oo

P(Ilfun = f1l > €) = O (K () exp(—Cnh)) ., C > 0.

Recalling the notions a,,, b, we see that 1+[2a,/b,] is amultiple of —=~ & )dmd/y kK (n) = (1+[2a,/b,])*

is a multiple of This completes the proof. O

d2(1+1/y)+d

Lemma 4. Let X1, ..., X, be i.i.d. random variables with density f, satisfying Assumptions 2 and
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3. Under Assumption 1, we see that as n — oo

()P(sup | f,1(x) — f(x)| > €) = O(ndz/<d+4) exp(_Cn4/(4+d))),
hel,

(i) P(sup || fop — f1l > €) = O(n[d+d2(2+l Id+4) eXp(—C’n4/(4+d))),
hel,

where I, = [T [am /@9, bn~/& D] C,C" > 0 and v is a positive constant as defined in

Assumption 2.

Proof. Given € > 0, we partition 7, = []%,[an/#®, b;n~1/ ] into k(n) non-overlapping
d-dimensional rectangles {I,;, i = 1,...,k(n)}. To achieve this, each [a;n /@) pp~ 1G] =
1,...,d, is partitioned into non-overlapping sub-intervals of length proportional to 6, = 7=z -
{Li, i =1,...,k(n)} are the d-fold product of these sub-intervals of length 9,. Consequently k(7)

1

is proportional to = n?/@+49_ Now using Lemma 1, we get that

P(sup o) = S > ) < P(max {1f,(x) = f(0)] + sup () = fruis @I} > €)
< P(max |fs() = f()] > €/2)
k(n)
< > P10 = F > €/2) (3.10)
i=1
and similarly
N ko) N
P o — < Pl fon — 2 3.11
(upllfus = fIl> € < Zl (s = 111 > €/2) (3.11)

where i € I,;,i = 1,..., k(n) and each /' is a non random bandwidth vector.

Using (3.5) we see that for € > 0 there exists N; such that for 1 < i < k(n),

NE(fosi) = 11l < €/4, ¥ n> Ny.
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Hence for n > Ny, we get from (3.10) that
N k) N A
P(sup | fus(x) = f)1 > €) < )" P(Ufune(x) = ELfun()]l > €/4) (3.12)

hely, -1

Now using inequality (27) in the proof of Theorem 3.1.5. in Rao (1983), we get that as n — oo
P(1fpi(x) = ELfuie(@0)]l > €/4) = O(exp(~Cn(h)€) = O (exp(-Cn*'“Pe?)),

where 2, = min{#},... k), i=1,..., k(n). Substituting the above result in the right side of (3.12)

and recalling that k(»7) is a multiple of n*/@*%, we get the result (i) of Lemma 4.

To prove (ii), we use Lemma 3 and see that as n — oo

P(||fn,hi - fl > 6) =0 exp(—Cn(h')") | where C > 0,

(hl’ )d+d2(l+l/7)

v is a positive constant as stated in Assumption 3. Substituting the above equation in the right side

of (3.11) and using the fact that k() is a multiple of n* /@9, we get the following equation

P@sup || fon — Sl > €) = O(n[d+dz(2+1/7)]/(d+4) exp(_c’n4/(4+d)))'
hel,

This completes the proof of (ii). O

Lemma 5. Let {X,},»1 be a d-dimensional strongly mixing process with marginal density f, sat-
isfying Assumptions 2 and 3. Further let the mixing coefficient a(n) satisfies a(n) < Dp" where
O<p<landD > 0andh = (hy,...,hg) be a bandwidth vector such that h; = o(1), i=1,...,d
and nh? — oo, h?lognloglogn — 0 as n — oo, where h, = min{h, ..., h;}. Then under Assump-

tion I, as n — oo

P(llfn,h - Sl > 6) = O( Xp (—Cnhid)), C >0,

(h*)d+d2(l+l/y) ©

where vy is a positive constant as stated in Assumption 3.

Proof. Proof of this lemma is exactly similar to the proof of Lemma 3. Observe that most of the
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arguments used in the proof of Lemma 3 do not depend on independence of {X,}. Only in (3.6)

and (3.9), we used independence. In particular, we used Bernstein type inequality for i.i.d. en-

fus71) — E [fn,h()’z)” > €/ 4),

d

i) andP(

tries to find the convergence rates of P (% Yis ixisa, 2 35

respectively.

Here we use Bernstein type inequality from Merleveede et al. (2009) for strongly mixing process

to prove (3.6) and (3.9). Observe that

d
X—Xj

where V,; = K ( - ) - E[K (x_hXj )]. If {X,} is a stationary strongly mixing process with mixing

Foa) = E [ fua]| > €/4) < P Z Y| > nhie/4), (3.13)
j=1

coefficient a(n), then each row of the triangular array {Y,;, j = 1,...,n} represents a strongly
mixing stationary sequence of mean zero bounded random variables with a sequence of mixing
coefficients {@;(n)} bounded above by {a(n)} (see Dutta and Goswami (2013)). Under the stated
condition on a(n), the sequence {e;(n)}, j = 1, ..., n also satisfies the condition a;(n) < exp(—2cn)
for some ¢ > 0. Under this, using Theorem 1 of Merleveede et al. (2009) we get that for € > 0 and

n>4,

P( Z Y, > nhiel4) < exp

J=1

( Cnh*le? )
4K? + 2K €h?lognloglogn
where C, K; > 0. Under the stated assumption on the bandwidth vector /4, the right side of

the above inequality equals O(exp(—C’nth)) as n — oo. Hence under the stated dependence

assumptions and the other conditions, we have as n — oo

d

for j = 1,...,k'(n) and this is analogue of (3.9) of Lemma 3.

Jua) = E [Joa)]| > €14) = O (exp=Cni), (3.14)

Similarly, using Theorem 1 of Merleveede et al. (2009), we see that

1< eh? Cnide?
Pl 2 twia = | < exp| - - = O (exp(=Cynh®
(”; a2 4K1] eXp( 4Kf+2K1€hflognloglogn) (exp( i ))
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and we get (3.6) for strongly mixing case. This completes the proof of this lemma. O

Lemma 6. Let {X,},>1 be a d-dimensional strongly mixing process with marginal density f, satisfy-
ing Assumptions 2 and 3. Also let the mixing coefficient a(n) satisfies a(n) < Dp" where 0 < p < 1
and D > 0. Under Assumption 1, we see that as n — oo

)d2 /(d+4)

- (4D (4+d) 2d/(4+d)
Togn exp ( Cn (logn) )] ,

)[d+d2(2+1 P/ (d+4)

(i)P(iuP /() = f() > €) = O ((

(”)P(sup ||fn,h — f” > 6) = O(( exp {_Cln(4—d)/(4+d)(10g n)2d/(4+d)}) ,
hel,

logn

where I, = H?zl[aj(log n/m)' Db i(logn/n) /D], C,C" > 0 and y is a positive constant as

defined in Assumption 3.

Proof. We follow the similar arguments given in the proof of Lemma 4. From the proof of the
Lemma 4, we see that the arguments up to the inequality (3.12) do not depend on independence of
X1, X, ..., X,. Therefore under strong mixing dependence assumption, we repeat these arguments,
replacing n'/¢*9 by (k’%)” 4+d)  Consequently the inequalities (3.11) and (3.12) hold, with k(n)
proportional to (@)dz/ @4 under the stated dependence assumption. Now we complete the proof
of (i) by using (3.14) in the right side of (3.12) and of (ii) by using Lemma 5 in the right side of
(3.11). Most of the arguments used in the proof of Lemma 3 do not depend on any dependence
assumption. For instance, under the stated conditions, the inequalities (3.5) and (3.8) do not require
the independence assumption to be true. These results can be repeated as it is in the presence of

mixing type dependence.

Only the convergence rate of P( f,,,h(y,) -F [ f,,,h(y,)” > 6/4), [ =1,...,k(n), is obtained under

1.1.d. assumption in Lemma 3. In Lemma 5, we obtain the same convergence rate under strongly

mixing dependence assumption, where a(n) < Dp”, 0 < D, p < 1. From (3.13) we see that

d

fua) = E | fuat]| > €/4) < P S0, > nlel4),
j=1
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where V,; = K (x_hXj ) - E[K (x-hX./ )], j=1,...,n If {X,} is a stationary strongly mixing process

with mixing coefficient @, each row of the triangular array {Y,;, j = 1,....,n,n € N} represents a
strongly mixing stationary sequence of mean zero bounded random variables with a sequence of
mixing coefficients bounded above by {a(#n)} (see Dutta and Goswami (2013)). Under the stated
condition on a, the sequence of mixing coefficients of {Y,;,j = 1,....,n,n € N} also satisfies the
condition a(n) < exp(—2cn), ¢ > 0. Under this using the Theorem 1 in page 3 of Merleveede et

al. (2009) we get the following inequality. For » > 4 and € > 0,

P( ) Yyl > nhile/4) < exp

J=1

Cnh*ée?
4K? + 2K eh?lognloglogn)’

where C, K; > 0. Under the stated assumption on the bandwidth vector 4, the right side of
the above inequality equals O(exp(—C’nhﬁd)) as n — oo. Hence under the stated dependence

assumptions and the other conditions we have as n — oo

4

Now using t the condition that #; = o(1), i = 1,...,d, and the inequalities (3.5) and (3.8) we get

Fuso) = E || > 6/4) = O(exp(=C'mi), 1= 1,....K (),

the stated rate of convergence P(ll For — 1 > e). This completes the proof. O

In the following lemma we prove the rate of convergence of sample quantiles to population quan-

tiles for strongly mixing case.

Lemma 7. Let {X,},>1 be a d-dimensional strongly mixing process with marginal density f satis-
fving Assumption 4. Also let the mixing coefficient a(n) satisfies a(n) < Dp" where 0 < p < 1 and
D>0. Thenfori=1,3andj=1,2,...,d,

P(10,~ ;| > €) = O(Vnexp(~ Vns) (3.15)
where s is a positive constant.

Proof. If{X, = (X1, X2, ..., Xua)lss1 18 d-dimensional strongly mixing process with mixing coef-
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ficient a(n) then for 1 < j < d, {X,;},>1 is one dimensional strongly mixing process with mixing
coefficient a;(n) and «;(n) < a(n). With this observation, this lemma follows from Lemma 4 of

Dutta and Goswami (2013). O

3.2 Proof of Theorems

Theorems 1 and 2 follow from Lemma 4 and Theorems 4 and 5 follow from Lemma 6. It remains

to prove only Theorem 3.

Proof of Theorem 3. Let 1, = Hj?:l [%n‘” (@+d) %bjn‘” (4+d)]. We note that

P(f, )= > €) < P(hel)+P(/00)-f@I>e hel,)
< Phel,)+ P(sup |fon() = f()] > e). (3.16)
hel,
Similarly
P(\fi - >e)<P(hel,)+ P(i“,p 1 foi = 111 > e) (3.17)

We assume that 1 € H, = H7=1 [a,n™ 4D b, in~ 14+ Therefore it is easy to verify that

d
Phel) < 3 [Play—aj>a/2) + Pby ~bjl > b;/2)]
J=1
=P(h¢l) = O (3.18)

The convergence rates of P(suphe,n |fon(x) = F(x)] > e) and P(suphe il for — 1 > e) are obtained

in Lemma 4 (i) and (ii). Hence Theorem 3 is a consequence of (3.18) and Lemma 4. O
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