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Abstract. We consider some generalized commutator equations in a finite
group and show that the number of solutions of such equations are characters of
that group. We also obtain explicit formula for this character, considering the
equation [...[[[z1, z2],x3], x4],...,xn] = g, for some well-known classes of finite
groups in terms of orders of the group, its center and its commutator subgroup.

1. Introduction

Let F(x1,22,...,2,) denote the free group on n generators x1, s, . .., Ty.
Let w = w(x1, - ,x,) be a non-trivial reduced word in F(x1,xz9,...,xy,).
For any finite group G the word w(x1, 9, ..., x,) defines a map w: G" — G
given by (91,92, --,9n) — w(g1,92,-..,9n) called a word map induced by
the word w(xy1,xa,...,z,). For g € G we have

w1 (g)| = ‘{(al,ag,...,an) e G":w(ai,ag,...,ay) = g}|

Consider the map (%: G — NU {0} given by g — |w™!(g)|- Note that (¥(g)
is the number of solutions of the equation w(z1,z2,...,z,) = g. For any
word w, the map (¢ is a class function on G but not necessarily a char-

acter. Equations in finite groups have been studied by many authors
since the days of Frobenius (see for example [2,5,22,27,28,30,31] etc.). If
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A GENERALIZED COMMUTATOR EQUATION IN FINITE GROUPS 19

w(zy, z9) = [21,72] := ] "x5 w129 then Frobenius [10] showed that

(L1) =Y )‘((Gﬂ)x,

x€E€lrr(G)

which is a character of G. This result has been used as one of the main
ingredients to settle down the longstanding Ore’s Conjecture (see [16]). It
is also used in order to study generalized commutativity degrees of finite
groups (see [6,8,24]). In [32], Tambour derived explicit formulas for (¥
considering w(x1,xa,...,Ty) = [T1,22] - [Tn_1, 2] and w(zy, z2,...,x,) =
T1T9 - --xnazflazgl ---x,1. In particular, he deduced that ¢4 is a charac-
ter of G for these words. Extending the results of Tambour, Das and Nath
[5] showed that (& is a character of G if w is an admissible word. Fur-
ther, Parzanchevski and Schul [22] have considered some classes of words
and extended the results of Das and Nath [5]. In Section 2 of this paper,
we consider the word w(z1, T2, ..., &m) = [w1(x1,. .., Tn), W2(Tpt1y .-y )]
and show that (# is a character of G under some condition. In particular,
we prove the following result.

THEOREM 1.1. Let G be a finite group and
W(T1,y ey Tyy) 1= [wl(azl, ey Tp)y W (Tpg1s - - ,xm)]

If (&' is a character of G and (5* is a constant map then ({ is a character
of G and

w Gm—n s
G = E © (€' xx) x-
x(1)
x€Irr(G)

This extends a classical result of Frobenius mentioned above. Note that
the word w(x1,22,...,2m) = [w1(x1,...,2,), Wo(Tpi1,. .., Tm)] also includes
words that are not considered in [22]. In Section 3, we consider the word
W (1, ..y xn) = [ [[[21, x2], 23], 24], ..oy 2n) = [Wn—1 (21, ...y Tp—1), @y for
any n and using Theorem 1.1 we obtain exact formulas for (4" in case of
nilpotent Camina groups and its generalizations. In the next paragraph we
recall the definition and the main properties of these groups.

Two groups G and H are said to be n-isoclinic, if there exist isomor-
phisms ¢ and 9 such that

(1) ¢ is an isomorphism from G/Z,(G) to H/Z,(H);

(2) v is an isomorphism from 7,4+1(G) to Yp+1(H);

(3) ¢ is compatible with ¢, i.e.

([ [lg1: 2], 93} - s gnral) = [ [[ha, ol sl ],
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20 R. K. NATH and S. K. PRAJAPATI

for any h; € ¢(9iZn(Q)), gi € G, 1 <i <n+ 1. In other words, we have the
commutative diagram

Z,@Q) TRz T Za(E) XX Zu(H)
l%m,c) l%wl,H)
Mmi1(G) - Y1 (H)
where
A(n+1,G) ( (glzn(G), . ,gn+1Zn(G)) ) = [ g1, 92 - ,gn_H]
and

a(n+17H)((hlZn(H), . ,hn+1Zn(H))) = [ e [hl,hg], . ,hn+1] .

Such a pair (¢,) is called an n-isoclinism between G and H. If n = 1, then
(¢,1) is called an isoclinism between G and H and the groups are called
isoclinic. The notion of isoclinism of groups was introduced by P. Hall [9].
In Section 3.1, we prove the following generalization of [24, Lemma 3.5] and
derive an explicit formula for (5" (g) if G is a finite nilpotent generalized
Camina group.

THEOREM 1.2. Let G and H be two finite groups and (¢,) be an n-iso-
clinism from G to H. If g € v,+1(G), then

¢ (9) = (IGI/IHD" ¢ (¥(9))-

A group G is called a Camina group if gG' = Cl(g) for all g € G\ G'.
Note that the fact gG' = Cl(g) for all g € G\ G’ is equivalent with the fact
x(g) =0 for all x € nl(G) and g ¢ G', where nl(G) is the set of all nonlinear
irreducible characters of G. A pair (G, N) is said to be a Camina pair if N
is a proper non-trivial normal subgroup of G such that gN C Cl(g) for all
g € G\ N. We remark that Z(G) < N < G’ if (G, N) is a Camina pair and
G is a Camina group if and only if (G,G’) is a Camina pair. A group G is
said to be a generalized Camina group if gG' = Cl(g) for all g € G\ G'Z(G).
A pair (G, N) is called a generalized Camina pair (abbreviated as GCP)
if N is a normal subgroup of the group G and gG’ = Cl(g) for all g ¢ N
equivalently x(g) =0 for all x € nl(G) and g ¢ N (see [12]). Note that G
is a generalized Camina group if and only if (G,G'Z(G)) is a generalized
Camina pair. The groups with (G, Z(G)), a GCP were studied under the
name of V Z-groups by Lewis in [13]. In Section 3.2, we derive an explicit
formula for (" (g) considering groups for which (G, Z(G)) is a Camina pair
and (G/Z(G),Z(G/Z(G))) is a generalized Camina pair. In the last section,
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A GENERALIZED COMMUTATOR EQUATION IN FINITE GROUPS 21

we derive an explicit formula for (" (g) for groups having unique nonlinear
irreducible character.
Let Pé,") be the probability distribution associated to the word map w

induced by w(zq,z9,...,2,) on G. Then Pé,”) (9) = ﬂ%(“i) In recent years,
many authors have studied the probability distribution associated to the
word maps induced by different kinds of words (see [1,7,18,19,21] etc.).
As an application of our results, one may obtain the probability distribu-
tion associated to the word map induced by the word wy,(z1, z2,...,x,) =

[[...[[z1,22], 23] .. .], z,] for the different families of finite groups considered

in Section 3. It may be mentioned here that ngb) (g) is also considered in [§]
(see Theorem 7.4). The case when g = 1, the identity element of G, is stud-
ied by Moghaddam et al. [17] in the name of nth nilpotency degree of G.

If n = 2 then we have Pqﬁ)(g) = P,(G), a notion introduced and studied by
Pournaki and Sobhani [24].

Throughout this paper G denotes a finite non-abelian group, Irr(G) and
lin(G) denote the set of all irreducible characters and linear irreducible
characters of G, respectively. We write ¢d(G) to denote the set of all
irreducible character degrees of (G. For any normal subgroup N of G,
Irr(G|N) denotes Irr(G) \ Irr(G/N). Also, for any character x of G we
write x |y to denote the restriction of y on N. If x is a character of any
subgroup H then we write x T% to denote the induced character of G in-
duced by x. The inner product of two characters ¢ and i of G is given

by (¢, 1)) = |(1;‘ > gec 9(9)1(g). TFor any integer i > 1 define inductively
Zo(G) ={1}, Z1(G) = Z(G) the center of G, Z;(G)/Z;—1(G) = the center of
G/Z;—1(G). Also 71 (G) = G, 12(G) = [G,G] = G’ the commutator subgroup
of G and v;11(G) = [%(G), G

2. Proof of Theorem 1.1

Suppose x € Irr(G) is afforded by the irreducible representation p, of G.
Consider the element

z= Z [wl(azl,...,xn),w2(ajn+1,...,xm)].

L15e3Tmy
$n+1,...,$m€G

Then, we have

(2.1) p(2) = D p(wimr,zn) ) Ayl a)

xl?"'vxneG

where
(2.2) A (x1,- ,xn)
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22 R. K. NATH and S. K. PRAJAPATI

= Z px(wg(wn+1,...,azm)_lwl(ml,...,azn)wg(mn+1,...,xm)).
In+1,...,ImEG

Since (;* is a constant function, A, (z1,---,x,) commutes with p,(g) for
all g € G. Hence, by Schur’s lemma (see [11, Lemma 2.25]), we have

(2.3) A (z,...,zp) =l

for some a € C. Now taking trace on the both sides of (2.3) and using (2.2)
we get

B ‘G|m—n
(2.4) a=""0 X(w1 (21, 2n))-

Again taking trace on both side of (2.1) and using (2.3), (2.4) we get

G|m—n B G m—n-+1
23 =S @ ame =T .
= x(1)
By definition of (&, we have
(2.6) x(2) = |GI{¢g, x)-
Therefore, by (2.5) and (2.6), we have
w G m—n
(2.7) = 1" 0 x
x(1)
x€Irr(G)
Since (' is a character of G, the coefficient & | ((G X, X) is a non-negative

integer. Hence (# is a character of G. [

3. Explicit formula for (5"
In this section, we consider the word
W (21, .. xn) = [ [[[x1, x2], 23], 4], - - - s 2]
for n > 2. Then (5" (g) is the number of solutions of the equation
[...[l[z1, z2), 3], x4, ..., 2n) = g.
Note that the word w,, can be defined recursively as
wy(z1,x2) = |21, 2] = &7 "y Ty,
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A GENERALIZED COMMUTATOR EQUATION IN FINITE GROUPS 23

wsz(x1, 2, x3) = [wa(z1,x2), 23],

W (21, &n) = [Wn—1(21, ..., Tp_1), Ty

Thus w, is a particular type of the words considered in Section 2. By The-
orem 1.1, it follows that (5" is a character of G and

(3.1) I DI

x€Irr(G) (1)

where C*(x) = ((&" X, x). Note that C*=+(x) = x(1)*|G|™! whenever
m is greater than the nilpotency class of G. For n =2, C"?(y) =1 and so
equation (3.1) reduces to (1.1); which is the classical result of Frobenius.
For n > 3 no explicit formula is known for C*~(x). However, the following
proposition shows that C¥»(x) = |G|"~2 if x € lin(G).

PROPOSITION 3.1. Let G be a finite group and wy(x1,...,2,) =
[...[[z1,22], 23], ..., xn] with n > 3. Then we have the following.

(1) If x € lin(G), then C*(x) = (5" ", 1a)-

(2) (& 1a) = |GG 1) In particular, (o™ ", 1a) = |G| 2.

ProOOF. (1) Let x € lin(G). Then
€™ () = (6 0 = gy L @I = (6 1),
gEG
(2) Using (3.1), we have

Wn -1 wnl 1 | | Wp,—2
e = D=y X (X o)

gEG xE€lrr(G) “gelG
1 Wn—2 Wn —2
- G (a1l 16) ) = 1G1CE 1),
|G (1)
x€Irr(G) X

Therefore, <C§"“,1G> =|G*2. O

In view of the above proposition, (3.1) becomes
w e v (x) x
(3.2 D MR U D DI
x€lin(G) x€nl(G) X

In the following subsections we compute C*"(x) where x € nl(G) for n > 3
and hence derive an explicit formula for (5" (g) for some classes of finite
groups.
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24 R. K. NATH and S. K. PRAJAPATI

3.1. m-isoclinism and generalized Camina group. We begin with
the proof of Theorem 1.2. Let the pair (¢, ) be an n-isoclinism between G
and H. Consider the group G = G/Z,(G) and H = H/Z,(H). Then

1
|Zn(G)
1

= 12,(G) {(g1,92:- - gns1) € G"H | [ {91, 92), 93], - - - s gnst) = g}

n4146 (e (9)

1 n
- |Zn(G)|n+l‘{(917927"'79n+1) e Gt

a(n+1,G)([' e [[glagQ]ag?)]? s ,gn—i-l]) = g}‘
= |{(§1,§2, s 7gn+1) € Gn+1 | a(n+17G)([' o Hgl’g2]’§3]7' o 7gn+l]) - g}|
= ‘{(glag%"' >gn+1) € Gn+l |

V(amire (- 1[91,52), 93], - - Gnr1]) ) = 1/1(9)}|

(since % is an isomorphism)

_ _ +1
= ‘{(ghg%"')gn—i-l)EGn |

a1 ([ ([9(31), 0(32)], 6(G3)]. - - - d(Gns1)]) = ¥(9) }]

(using property (3) of n-isoclinism)

= |{(71177127---,Bn+1) e H"! |

agi1,m) ([ [P, ho), hs), . hnga]) = 9(9) }
(since ¢ is an isomorphism)

= |Zn(1;)|”+1|{(h1’h27~~~7hn+1) c B |
agi1,m) ([ [P, ho), hsl, . hnga]) = 9(9) }

1 n
= |Zn( |n+1|{(h17h2>"'>hn+1) €H + |

[...[[h1, ho), k3], .. s Ay (@} = |n+1 Ci ((g)).
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A GENERALIZED COMMUTATOR EQUATION IN FINITE GROUPS 25

Hence the result follows. [

Now we derive an explicit formula for (" (g) if G is a finite nilpotent gen-
eralized Camina group. Dark and Scoppola [4] completed the classification
of Camina groups. Indeed, they proved the following theorem.

THEOREM 3.2 [4]. Let G be a finite group. Then G is Camina group if
and only if one of the following holds:

(1) G is a Camina p-group of nilpotence class 2 or 3.

(2) G is a Frobenius group with a cyclic Frobenius complement.

(3) G is a Frobenius group whose Frobenius complement is isomorphic to
the quaternions.

In [14], Lewis showed that a finite group G is a generalized Camina group
if and only if G is isoclinic to a Camina group. Hence by the above theorem,
if G is a finite nilpotent generalized Camina group, then G is isoclinic to a
Camina p-group for some prime p. So, in view of Theorem 1.2, it is enough
to compute (5" (g) for a Camina p-group. If G is a finite Camina p-group
of nilpotency class 2, then (G, Z(G)) is a GCP. The following result gives
some properties of groups such that (G, Z(G)) is a GCP.

THEOREM 3.3 [26, Section 3]. Let G be a finite group such that (G, Z(Q))
is a GCP. Then we have the following.

(1) cd(G) = {1,1G: Z(G)|'/*}.

(2) The number of nonlinear irreducible characters of G is |Z(G)| —
2(G)/G. A

(3) There is a bijection ®: Irr(Z(G)|G') — nl(G) defined by

G : Z(G)['?\g) ifge Z(G)
0 otherwise.

P(N)(9) = {

If G is a finite Camina p-group of nilpotency class 2 then (5" (g) can be
obtained by the following theorem.

THEOREM 3.4. Let G be a finite group such that (G,Z(Q)) is a GCP.
If g€ G then

(e’ (9) = {Ké' (1~ \G;zl(cn) if g#1
L2 (g) =

|GI? |G'|-1 e
o (L+ Giz@y) f9=1

and

@%mz{%w PA7 iz
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26 R. K. NATH and S. K. PRAJAPATI

Proor. If (G,Z(G)) is a GCP then by [12, Lemma 2.4] we have that
G’ is a subgroup of Z(G). That is, the nilpotency class of G is 2. Hence the
case when n > 3 follows.

The case when n = 2 follows from [24, Corollary 2.3] and the fact that

cd(G) = {1,|G : Z(G)|*/?} (which follows from Theorem 3.3(1)). O

Now we compute (;"(g) if G is a finite Camina p-group of nilpotency
class 3. We need the following result which follows from [25, Section 3].

THEOREM 3.5. Let G be a finite Camina p-group of nilpotency class 3.
Then

(1) Z(G) < G'; GG, G'/Z(G) and v3(G) = [G,G'] = Z(G) are elemen-
tary abelian p-groups with |G : G'| = p*™, |G : Z(G)| = p™ and |G : Z(G)| =

p>™, where m is even.

(2) nl(G) = Ie(G|Z(G)) Unl(G/Z(G)), ed(G) = {1, p"/2},
[1(G|2(G))| = |2(G)| ~ 1

and [nl(G/Z(G))| = Sy — 1.

(3) If x€(GIZ(G)) then X(G\Z(C) =0 and xz) =P/,
where X € Irr(Z(Q)), not the principal character.

(4) If x e nl(G/Z(Q)) then x(G\G") =0 and x(g) = p™(Aon)(g), where
g€ G, \elir(G'/Z(G)), not the principal character, and n: G — G/v3(G)
is the natural homomorphism.

Using Theorem 3.5 part (3) and (4), we get the following result.

ProPOSITION 3.6. Let G be a finite Camina p-group of nilpotency
class 3. Then

O3 (x) = (€& Yz 1zq))  if x € Ir(GlZ(G)),
(C&" Yars ler) if x €nl(G/Z(Q)).

The next theorem gives expression for (;* if G is a finite Camina p-group
of nilpotency class 3.

THEOREM 3.7. Let G be a finite Camina p-group of nilpotency class 3.
Then

N GP1GR(G - 12(@)) .
@ =I6r > X+<|G'\+ 12(G)) 2
XElin(Q) x€lrr(G|Z(Q))

G)? X
+ .
G 2 )
x€nl(G/Z(G))
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A GENERALIZED COMMUTATOR EQUATION IN FINITE GROUPS 27

ProoOF. By Theorem 3.5(2) we have nl(G) = Irr(G|Z(G) ) U nl(G/Z(Q)).
Therefore, using (3.2), we have

ng — |G|2 Z Y+ |G| Z ng(X) X + |G| Z CwS(X)X )

1 1
X€Elin(G) x€lrr (G| Z2(G)) x(1) xenl(G/Z(G)) x(1)

By Proposition 3.6 the above expression becomes

(33) (=1 Y X+ lraplaa)lcl Y X

1
X€Elin(G) x€lrr(G|Z(@Q)) X( )
+ <<&‘U2 \LG’) 1G’>|G| Z XZ(l) .

xenl(G/Z(G))

Now, using Theorem 3.5 part (3) and (4), and the the expression of (2, we
get

(C&* Yz 1ze) = 1GHe Lz6): 12(6))

+1G| > A 1z) + |GG/ Z(G))].
AT (Z(@)\ 12101}

where ¢ = cjin(q) X- Since Z(G) C G’ and ¢ is the regular character of

G/G, (o Lz 1z6) = |GI/|G'|. Also, (A, 1)) =0 for any 1) # A €
Irr(Z(G)). Hence,

) o GGG - 12(@))
(¢ dz@) 12¢)) tel +1GInl(G/Z2(G))] led + 1Z(@))
We have
N X o X tar
& e =16 Y e 1G] X(S el > X(S '
x€Elin(G) x€lr(G|Z(G)) xenl(G/Z(G))

It is easy to see that (xlq,le) = (¢l lar) =0 for x € Irr(G|Z(G)) and
¢ € nl(G/Z(G)). Therefore, ((#* Lo, 1er) = |G|*/|G’|. Now putting the val-
ues of (C5*lz(@): 1z(q)) and ((5* lar, 1gr) in (3.3) we get the required ex-
pression for (5°. O

The following lemma is useful in proving the final result of this subsec-
tion.
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LEMMA 3.8. Let G be a finite Camina p-group of nilpotency class 3.
Then

3 x(g) _)—1 if1# g€ Z(G)
x(1) 0 if g€ G'\Z(G)

x€lrr(G|Z(@Q))
and

3 x(9) _ {G/'Z—(g@ if 1#£g¢€Z(G)

xenl(G/Z(G)) x(1) -1 if g€ G\ Z(G).

Proor. Follows from Theorem 3.5 part (3) and (4). O
We conclude this subsection with the following result.

THEOREM 3.9. Let G be a finite Camina p-group of nilpotency class 3.
If g € G’ then

IG\(I‘GG\,—|IG’\) + IG\(I%(—GIﬁ(G)I) if 14 g€ Z(G)
cee(g) = § Il 6 if g€ G\ Z(G)

o+ 0 F16102G) ~2) i g=1

and
9@ Z@(GI-G1) if 140€2(C)
o) = ?w QP -1Z(@) |, |GR(G-|Z2@))(1Z(E)-1) oeG2(G)
GPR(|Z(A|?+|G"—|Z (G GI2(|G'|-1Z (G Z(G)|—1 . _
2@l + 12(0)] if g=1.

ProOF. If g =1 then (1.1) gives (;*(1) = |G||Irr(G)|. Hence, the re-
sult follows from Theorem 3.5(2). The case when g # 1 follows from [20,
Proposition 5.4].

Again, if g = 1 then by Theorem 3.7 we have

w3 _ ‘G|
CG (1) - ‘G|2|G'|
GEIGP(G = 1Z@DY, ., i
+ (o + T M1z + g mieze)
_IGP(Z(e) P + 16" - 12(G) N GG = 12(G))(1Z2(G)] - 1)
1Z(G)||G'] 1Z(G)| ’
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A GENERALIZED COMMUTATOR EQUATION IN FINITE GROUPS 29

using Theorem 3.5(2). If 1 # g € G then }_, i) X(9) = |G|/|G’|. There-
fore, by Theorem 3.7, we have

_ \GIP’JF<\GI?’Jr \GIQ(\G’\—IZ(G)|)> 3 x(9)

B4 & @= 1o+ e 1Z(G)] x(1)

x€lrr(G|Z(G))

GJ? > x(9)

e

xenl(G/Z(G))

If 1 # g € Z(G) then by (3.4) and Lemma 3.8, we have

oo [GE(1CF GRAC — 2@, . GRIE] — |Z(@))
CG(g)‘|c:'|+<|c:'|+ 2(0) >( D+ ez
_IGRIG - 1Z@))(6I - &)

G12(0) '

If g€ G'\ Z(G) then by (3.4) and Lemma 3.8, we have (;*(g) =0. O

3.2. Groups for which (G, Z(G)) is a Camina pair and (G/Z(G),
Z(G/Z(G))) is a GCP. In [15], Lewis began the study of those groups G
for which (G, Z(G)) is a Camina pair and, proved that such a group G must
be a p-group for some prime p. Note that if G is a finite group such that
(G, Z(@)) is a Camina pair and (Z(GG),Z(Z?G))) is a GCP then the nilpo-
tency class of G is 3. In the following theorem, we quote some facts about
the groups for which (G, Z(G)) is a Camina pair.

THEOREM 3.10 [25, Section 4]. Let G be a finite group such that
(G, Z(G)) is a Camina pair. Then we have the following.

(1) If x € Irr(G|Z(@)), then x(G\ Z(G)) =0 and x(1) = |G/Z(G)|"/2.
(2) There is a bijection ® : Trr(Z(G)) \ {15} — Irr(G|Z(G)) such that

1/2 ;
s = {01 2

(3) [rr(G12(G))| = [2(G)| - 1.

If (G, Z(G)) is a Camina pair and (G/Z(G),Z(G/Z(@G))) is a GCP, then
Z(G)C G and (G/Z(Q)) =G'/Z(G) C Z(G/Z(G)). Therefore, as a corol-

lary of Theorem 3.3, we have the following result.

COROLLARY 3.11. Let G be a finite group such that (G, Z(G)) is a Cam-
ina pair and (Z(GG),Z(Z(%))) is a GCP. Then we have the following.
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(1) There is a bijection ¥ :Irr(Z(G/Z(G)) | G'/Z(G)) = nl(G/Z(@Q))
such that

G : Zo(G) V2N (g) if g € Z2(G)/Z(G)
0 otherwise.

Y(A)(g) = {

In particular, the degree of every nonlinear irreducible characters of G/Z(Q)
is equal to |G : Zo(G)|Y/2,
>(GA)(|G'—-|Z(G
(2) nl(G/Z(G))| = 1Z2( \)CIJ(/|||Z‘(GI)Z|( N and

nl(G) = Irr(G|Z(G)) Unl(G/Z(G)).

PROPOSITION 3.12. Let G be a finite group such that (G,Z(QG)) is a

Camina pair and (Z?G),Z( Z(GG))) a GCP. Then

Ows (X) — <C82 \LZ(G)7 1Z(G)> Zf X € II‘I‘(G|Z(G))
(€& dza0) 1za(0)) i x € nl(G/Z(Q)).

PRrROOF. By Theorem 3.10(1) one can easily compute that ((5*x,x) =
(¢ Lz(6), 12()), where x € Irr(G|Z(G)). Again, by Corollary 3.11, we
have (Co*x, x) = (C&” $2z.(6)s 1 z,(@))» Where x € nl(G/Z(G)). O

The following theorem gives an expression for (4° if G is a finite group
such that (G, Z(G)) is a Camina pair and (G/Z(G),Z(G/Z(G))) a GCP.

THEOREM 3.13. Let G be a finite group such that (G, Z(G)) is a Camina
pair and (Z(GG),Z(Z(GG))) a GCP. Then

GP | 1GRIZ2(G)(C~ 12(G))) N
ue = |GJ? +<| +
@G =16 2 xH{ g &1 2(G) 2
x€lin(G) x€lrr(G|Z(G))

|G? X
15O 2 ()

xenl(G/Z(G))

Proor. By Corollary 3.11(2) we have nl(G) = Irr(G|Z(G)) Unl(G/Z(G)).
Therefore, using (3.2), we get

o o
=l Y wriel Y Ty o

1 1
x€lin(G) x€lrr(G|Z(G)) X() xenl(G/Z(G)) X()
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By Proposition 3.12 the above expression becomes

35) =167 Y X+ (& ezl S X

1
XElin(Q) x€lrr(G|Z(Q)) X( )
wWo X
+ <CG \LZg(G)71Z2(G)>|G‘ Z X(l)
xenl(G/Z(G))

Let ¢ =3 ciine) X- Then (¢ 17,6, 12,¢) = |GI/122(G)], since G' C
Z5(G). Therefore

GI?
1Z2(G)]
observing that (x |z,(@); 1z,(q)) = 0 for x € Irr(G|Z(G)) U nl(G/Z(G)).
Also, (¢ 4z 1z > |G|/|G'|, since Z(G) € G’ and ¢ is the regular

character of G/G’. Observe that (x {z(q) 1z(q)) =0 for x € Irr(G|Z(G))
and (x lz(@), 1z(@) = x(1) for x € nl(G/Z(G)S. Therefore,

2
<C82 bz 1z > = ||G’|

_ 6P | 1GI1Z@)¢] - 12(G))
led lediA(e)] ’

(& 76y 1za@) =GO L6y 1206)) =

+1G[nl(G/2(G))]

using Corollary 3. 11(2). Now putting the values of <CG lz@ Q) 17(@)) and
(C&* +2(6), 12()) in (3.5) we get the required expression for (5°.

The following lemma is useful in proving the final result of this subsec-
tion.

LEMMA 3.14. Let G be a finite group such that (G,Z(Q)) is a Camina
pair and (Z(G) Z( (G))) a GCP. Then

v :{—1 if 1#£9€2(G) cd

1 ) '\ 7
XEI(GIZ(G)) x(M) |0 i ge G\ Z(G)
and
Z xl9) {Z2(G|)G('|GZ/|(Z¥)Z(G)) if 1£g€ Z(G)C G
- |Z2(G)] :
xenl(G/Z(G)) x(1) reny if g€ G\ Z(G).

PRrOOF. Follows from Theorem 3.10(1), (2) and Corollary 3.11. O

We conclude this subsection by the following result.
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THEOREM 3.15. Let G be a finite group such that (G,Z(Q)) is a Camina
pair and (Z(GG),Z(Z(GG))) a GCP. If g € G' then

IGIIZGIGIHG(12(G) | =1))+ Z:(G)(1G"| =] Z(G)])] if g=1

G'Z(G
¢ (g) = GI[IZ(G)I(IGI—IGéI/)ITrZI(Zg;%'T?)(I(lg/—IZ(G)I)] if 1£9€Z(G)CG
\GI(\G||8\/‘22(G)I) if geG'\Z(G)
and
\GIQHGIIZ(G)IQ+(\G/Ingﬁé)(l)G(g‘GIHZz(G)\(IZ(G)I—l))] if g=1
(4 (g)= \Glz(lG’l—I‘g(,ﬁgzgﬁl—lzz((?)l) if 1£9€Z(G)CG
0 if geG'\Z(G).

ProOF. If g =1, then by (1.1) we have
(e (1) = |G| Irr (G)]
_GlIZz@@G+1E(12(G)] = 1)) + [ Z(GG'] - [2(G)])]
G'[|Z(G)] ’

noting that Irr(G) = lin(G) UIrr(G|Z(G)) U nl(G/Z(G)). If 1 # g € G’ then
by (1.1) we have

w GI? x(g x(g
(3.6) () = " G',‘ fel Y Xgli S XE 1; |
xelrr(G2(@)) xenl(G/Z(G))
Now, if 1 #£ g € Z(G) C G, then by (3.6) and Lemma 3.14 we have

v _1GE L GIB@IE] - 12(@)
69 = i HIAEDE T 20

_ GIIZ@OG] = 1G] + | 2GE"] = 12(G)))]
lediae] '

If g € G'\ Z(G), then by (3.6) and Lemma 3.14 we have

wry v |G —IGIZ2(G) _ GI(IG] = | Z2(G)))

For the second part, if ¢ = 1, then by Theorem 3.13, we have

G3
=10
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. <|G|3 GRIZ(G)(6| - AN gz + GPmI(G/Z(G))|

|G| G'][Z(G))] 1Z2(G)|
_IGPIGIZ(G)? + (16" = 1Z(G))(IG| + | Z2(G)I(12(G)| - 1))]
G12(G)] ’
using Theorem 3.10(3) and Corollary 3.11(2).
If 1 # g € G’, then by Theorem 3.13 we have
(3.7)
ws( oy _ |G <|G\3 \GIQ\Zz(G)l(\G'\—\Z(G)D> x(9)
CO=e o1t lelzer ) 2

G|? x(9)
2@ 2 (1)

xe€nl(G/Z(Q))

If1#ge€ Z(G)C G, then by (3.7) and Lemma 3.14 we have

oo [GF (I IGRIZ@NE] ~ 2@,
@)= o +<|G'| * &|2(@) >( Y
GR(G| - 12(@))) _IGPIG" — 1Z(@(G] ~ 1Z(G))

&|2(C)] @12(G)) ‘

If g€ G\ Z(G), then by (3.7) and Lemma 3.14, we have (;*(g) = 0. O

3.3. Groups with unique nonlinear irreducible character. The
class of groups considered in this subsection is a subclass of the groups G with
|cd(G)| =2, where cd(G) = {x(1) : x € Irr(G)}. Groups having |cd(G)| =2
are considered in [24] for the word we(x1,22) = [z1,x2]. Note that an explicit
formula for {f*(g) can be obtained from [24, Theorem 2.2] for these groups.
In this subsection, we derive an explicit formula for (5" (g) where n > 3 for
groups having a unique nonlinear irreducible character. We start with the
following theorem which is a consequence of the main theorem in [3].

THEOREM 3.16. Let G be a finite group having a unique nonlinear irre-
ducible character. Then one of the following holds:

(1) G is an extra-special 2-group.

(2) G is a Frobenius group of order p™(p™ — 1) for some prime power p™
with an abelian Frobenius kernel of order p™, a cyclic Frobenius complement
and Z(G) = {1}. Furthermore, the Frobenius kernel is equal to G' and G
acts transitively, by conjugation, on G'\ {1}.
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Theorem 3.16 is also proved independently in [29] and [23]. Note that the
groups in this theorem are Camina groups. Further, groups of type (1) have
nilpotency class 2 whereas groups of type (2) are not nilpotent. For groups
of type (1), an explicit formula of (" can be obtained by Theorem 3.4.
In this section, we derive an explicit formula of (" for groups of type (2)
considering n > 3.

We need the following lemma.

LEMMA 3.17. Let G be a finite group with unique nonlinear irreducible
character ¢ with Z(G) = {1}. Then we have the following.

(1) ¢ vanishes outside G' and ¢(1) = p™ — 1.

(2) ¢* = ety A + (0™ — 2)¢.

(3) ¢(g) = —1 for all g € G'\ {1}.

PROOF. By Theorem 3.16, G is a Frobenius group of order p™(p™ — 1)
for some prime power p™.

(1) Since G is a Camina group, ¢ vanishes outside G’. The second part
follows from the relation |G| =3, cr (¢ x(1)2.

(2) Since ¢? is a character of G, ¢? = erlrr(G) cxX, where ¢, = (2, x) €

NU{0}. Let A € lin(G). Then ¢y = (¢%,\) = (¢, d\) = (¢, p)) = (¢, ¢) = 1.

Therefore,

@ = > Atced.

A€lin(G)

Now, by degree computation of both sides of the above expression, we get
cg = p"" — 2. Hence, the result follows.

(3) Since G is a Frobenius group with Frobenius kernel G/, any nonlinear
irreducible character of G is induced from a non-trivial irreducible character
of G’ (see [11, Theorem 6.34 (a)]). But G has a unique nonlinear irreducible
character ¢. Therefore, ¢ |g'= Zwe(hr(G,)\{lG/})’y, where 1¢g/ is the triv-

ial character of G’. Now take g # 1 € G’. Then ( R 7) (9) = 0 and
hence ¢(g) = —1. O

THEOREM 3.18. Let G be a finite group with unique nonlinear irreducible
character ¢ and Z(G) = {1}. If n > 3 then

G
@r=1GI"" Y A+ pr,'b _‘ LG (9)9

A€lin(G)

and Cv(9) =, " + 190 D Cwnn(g),
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PROOF. The expression for ;" follows from (3.2) applying Lemma
3.17(1). Using this we have

cunio) = (g o.0) = (I X ax I co0)0.0)
A€lin(G) p
G
=6 Y o+ 1 oo,

A€lin(G)

Hence, using Lemma 3.17(2) and the fact that |lin(G)| = |G : G'|, the result
follows. O

THEOREM 3.19. Let G be a finite group with a unique nonlinear irre-
ducible character ¢ with Z(G) = {1}. If g € G' and n > 3 then

|G| IG|I"((pm—1)"—2—(pm—2)"~2) |G| (pm—2)n—2 ) -
o {g’l" T s e A A
G| p|G/|(pm_1)£72 - (pmfl)"*l Zf g # 1.

PROOF. Let g € G’ and n > 3. Then, using Theorem 3.18 and Lemma
3.17(3), we have

S 4 glc L
" (9) = {Ig|; " |G|g (i) %f g=1
G| (pT"—l)C (p) if g#1.

By the recursive formula for C*~(¢), given in Theorem 3.18, we have

n—1 mo__ mo__ 2 m _ 9\n—3
v (g) = 1©) <1+p 2+(pm_f;2+...+(p 2) )

|G| pm—1 (p (pm —1)n=3
G n—2(,m __ 2 n—2
N G| m(p n_l
(p™—1)
G @ -0 = o -2 G R e — 2)
|G| (pm — )3 (pm —1)n=2

Putting C"(¢) in this formula for (5" (g) we get the required result. [J

COROLLARY 3.20. Let G be a finite group with unique nonlinear irre-
ducible character ¢ with Z(G) = {1}. If g € G’ then

a3 G2 (p™— .
N & fg=1
GO =ier - e Iaren- e 2

G TG -1) T (pm-1)? g7+
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It is easy to see that the nonlinear irreducible character comes by induc-
tion of a linear character of the abelian commutator subgroup for the group
of type (2) in Theorem 3.16. So it is natural to ask for some bounds of
C"n(x) if all the nonlinear irreducible characters come by induction of some
linear character of a fixed abelian normal subgroup N of G. We conclude
this paper by the following upper bound of C"" ().

PROPOSITION 3.21. Let G be a finite group with cd(G) = {1,m} and
let G have an abelian normal subgroup N of index m such that every non-
linear irreducible character of G is induced from some irreducible character

of N. Then for n >3, C*"(¢) < }th whenever ¢ € nl(G).
PROOF. Let N be a normal subgroup of index m. Then G/N has no
nonlinear irreducible character and hence G/N is abelian. Therefore G’ < N.
Let ¢ € nl(G) then 1 5= ¢ for some 1 € Irr(N). Therefore ¢(g) =
for all g € G\ N. Thus

C(6) = (66,00 = | gy T C Z i

gGN geEN

Since n > 3, the image of w,_1 is contained in G’ < N. Therefore,

D)= ) =61

geEN geG

Hence, the result follows noting that ¢(1) =m = |G : N|. O
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